Real Analysis Qualifying Exam Spring 2002

Time: 2 hours

Instructions: Do five of the following 6 problems. (If you attempt all 6 problems, clearly
indicate which problems you want graded.) Each problem is worth 20 points.

1. Let f:[0,2] — R be a C! function such that f(z) and f'(x) vanish at z = 0 and at z = 2.
Prove that for all € > 0 there exists t. € Rt such that

/2 f(z)e™ dx| <
0

2. Let {c,} be a sequence of positive real numbers, and let f,, : R — R be given by

S| M

for t >t..

fa(z) =sin(z + &) + Cisin(cnx) )

n

Prove that the sequence {f,} has a subsequence converging pointwise to a continuous func-
tion.

3. Let X denote the set of functions f : [0, 1] — R such that || f|| < oo, where

|f(z) = f(y)l
1= 170+ sup {00
Prove that (X, || -||) is a Banach space; i.e., show that X is a vector space, || - || is a norm,
and X is complete.

4. Suppose that f € L'(R", m) satisfies

/fdm'<m

for all Lebesgue measurable sets ' (where m denotes Lebesgue measure on R™). Prove that
|f] <1 almost everywhere.

5. Let (X, M, u) be a measure space, and let f € L*(u) N L°°(pu). Prove that

tim [ fllp = {1/l -
p—00
6. Let u € D'(R) be given by
—€ +oo
(u,go):lil%l+ [/ @dx—k/ @dm} , Ve DR)=CIR).

Show that the above limit exists and that w is the distribution derivative of the function
f € LL.(R) given by f(x) = log|z|.



