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ABSTRACT

In this thesis, we discuss several results concerning stable compact embedded min-
imal surfaces in 3-manifolds. We show that for any 3-manifold N and any positive
integer 7, there exists an open nonempty set of metrics on N (in the C%-topology
on the space of metrics on N) for each of which there are stable compact embedded
minimal surfaces of genus v with arbitrarily large area. This extends the result of
Colding and Minicozzi for v = 1. We then focus on 3-manifolds with positive Ricci
curvature. We state a result of Ross which gives a uniform upper area bound for
stable compact embedded minimal surfaces in such a 3-manifold depending only on
the lower bound for the Ricci curvature of the 3-manifold. We then discuss some of
the difficulties involved in trying to extend this result to higher dimensional stable
minimal hypersurfaces in manifolds of positive Ricci curvature. Finally, we examine
genus bounds for stable compact embedded minimal surfaces in a compact 3-manifold
of positive Ricci curvature. For a given 3-manifold, such a bound exists; however, it
is not a uniform bound. We place additional restrictions on the 3-manifold, obtaining
a class of compact 3-manifolds for which there are uniform upper bounds for both

the diameter and the genus of stable compact embedded minimal surfaces.
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1 Introduction

The mathematical concept of minimal surfaces is well-represented in nature. Perhaps
the best-known examples from nature are soap films and soap bubbles (see [22] and
[11]). The minimal surface known as the helicoid is approximated in architecture by
the double spiral staircase, and in the human body by the part of the inner ear called
the cochlea and, most notably, by the structure of DNA, the double helix of Watson
and Crick (see [11]). Minimal surfaces conform with the notion that Nature does
things as efficiently as possible.

This paper examines some aspects of stable compact embedded minimal hyper-
surfaces. In almost all cases, we will be dealing with minimal surfaces in 3-manifolds;
higher-dimensional minimal hypersurfaces will be considered briefly in Section 4. The
paper is written at such a level that the reader is expected to have some background
in topology and differential geometry. A familiarity with the fundamental concepts
of minimal surface theory is also expected; however, we will discuss a few of the main
concepts in Section 2 for completeness.

The rest of Section 2 will be devoted to a few results which will be used throughout
the remainder of the paper. We will state a curvature estimate, first proved by Schoen
in [26], for stable minimal surfaces. We will use a version of Schoen’s result given by
Colding and Minicozzi in [10]. We will also discuss two results of Choi and Wang (see
[5]). The first result is a first eigenvalue estimate for compact orientable embedded
minimal hypersurfaces (of any dimension) in a compact manifold of positive Ricci
curvature. This is then used to find an upper bound for the area of a compact
orientable embedded minimal surface M in a compact 3-manifold N of positive Ricci
curvature, depending on the genus of M and the lower bound for Ricy. We will also
discuss some results on the existence and embeddeness of area-minimizing surfaces.
For spheres, these results are due to Sacks and Uhlenbeck in [25] and Meeks and
Yau in [21]. The corresponding results for higher genus surfaces are due to Schoen
and Yau in [27] and Freedman, Hass, and Scott in [16]. These higher genus results,
which we state as Theorems 2.10 and 2.11, will be of particular importance to us in

Section 3.



In Section 3, we examine stable compact embedded minimal surfaces in an ar-
bitrary 3-manifold. In [7], Colding and Minicozzi showed that for any 3-manifold
N there exists an open nonempty set of metrics on N for each of which there are
stable compact embedded minimal tori of arbitrarily large area. Our first main result

extends this to higher genus surfaces.

Theorem 1.1. Let N be a 3-manifold (possibly with boundary), and let v be a positive
integer. There exists an open nonempty set of metrics on N (in the C*-topology on the
space of metrics on N ) for each of which there are stable compact embedded minimal

surfaces of genus v with arbitrarily large area.

It remains an open question whether the theorem holds for v = 0. The argument
used for v > 0 breaks down when v = 0, most notably since the aforementioned
Theorems 2.10 and 2.11 hold only for v > 0. The main problem with proving Theo-
rem 1.1 for the genus 0 case seems to be that m(S?) is trivial. The non-trivial nature
of m; when v > 0 appears to be a crucial part of being able to prove Theorem 1.1.

Section 4 is a discussion of the possibility of finding a uniform area bound for stable
compact embedded minimal hypersurfaces in a manifold of positive Ricci curvature,
depending only on the lower bound for the Ricci curvature of the ambient manifold.
It is easy to see that any such hypersurface must be nonorientable. Ross showed in
[24] that an area bound exists when the ambient manifold is three-dimensional (and
so the minimal hypersurface is two-dimensional). It is an open question whether a
uniform area bound exists in higher dimensions. However, we will examine ways in
which Ross” argument cannot be extended to higher dimensions. For one thing, Ross’
argument involves several concepts and results which are unique to the case where the
minimal hypersurface is two-dimensional. Also, when the minimal hypersurface M is
two-dimensional, there is an upper bound for A\; (M )Area(M) which holds uniformly
for all metrics on M (see [29]). This is the basis for an important lemma in [24],
which we state as Lemma 4.1. It would therefore be desirable to find an upper bound
for \;(M)Area(M) when dim(M) is arbitrary, but a scaling argument shows that no
such bound exists when the dimension of M is not two. Instead, as Berger correctly

noted in [1], the appropriate thing to try to bound above is A; (M )[Area(M)]#, where



n = dim(M), which is the familiar Ay (M)Area(M) when n = 2. However, Bleecker
conjectured in [2] that, for every manifold M of dimension greater than or equal to
three, there are metrics with fixed area and arbitrarily large A;. This conjecture was
proved independently by Colbois and Dodziuk in [6] and by Xu in [28]. Thus, there
is no upper bound for A;(M)[Area(M)]= which holds uniformly for all metrics on M.

Finally, in Section 5, we look at genus bounds for stable compact embedded mini-
mal surfaces in a compact 3-manifold of positive Ricci curvature. As mentioned above,
any such surface must be nonorientable. We show that, for a given compact 3-manifold
of positive Ricci curvature, there is an upper bound for the genus of a nonorientable
stable compact embedded minimal surface, but the bound is not uniform it depends
on the ambient 3-manifold. In fact, Ross (see [24]) cites an argument of Rubinstein in
which it is shown that there is a sequence of compact 3-manifolds, all with the same
lower bound for Ricci curvature, for which a nonorientable stable compact minimal
surface of arbitrarily large genus can be embedded in some element of the sequence.
However, we show that by placing additional restrictions on the compact 3-manifolds,
we obtain a class of compact 3-manifolds in which there is a uniform upper bound
for the diameter of a nonorientable stable compact embedded minimal surface. We
use this to show, in our second main result, that in the same class of compact 3-
manifolds, there is a uniform upper bound for the genus of a nonorientable stable

compact embedded minimal surface.

Theorem 1.2. Let N be an element of the class of compact 3-manifolds with Ric >
k>0, |sec| <k, and inj > iy, where Ric is Ricci curvature, sec is sectional curvature,
and inj is injectivity radius. Let M be a nonorientable stable compact embedded

minimal surface in N. Then, there exists a constant
G = G(I‘i, k, Zo)

such that genus(M) < G.



2 Background on Stable Minimal Surfaces

2.1 Minimal Graphs; The Minimal Surface Equation

There are multiple points of view from which we can approach minimal surfaces. One
is as a critical point of the area functional. Another, when the minimal surface is a
graph, is as the solution of a certain uniformly elliptic nonlinear PDE. Let u : Q0 C

R? — R be a C? function. Then, the area of the graph of u is (see [8, p. 1])

Area(Graph,) = / V14 |Vul?.
Q

To perturb the graph of u, let ¢ be a C! test function on Q (i.e., p|sn = 0), and
consider the graphs of u + ty for small ¢. We obtain

Area(Graph, ;) = / V1+|Vu+tVel?.
0

Then, (see [8, p. 2])

< Vu,Vp >

a \/1+|Vul|?
/ div
= — Vv .
ng V1+ | Vul?

If the graph of u is a minimal surface, then it is a critical point for the area functional.

d
p |i=0 Area(Graph, ) =

Since ¢ was arbitrary, this means u must satisfy

\Y
div [ ————— | =0
V1+ |[Vul?
This is the minimal surface equation, a uniformly elliptic nonlinear PDE. In non-

divergence form, the minimal surface equation in two dimensions is
2 2 _
(1 + vy thag + (1 + ug)tyy — 2usttyugy = 0.

Similar calculations show that, if u: Q € R"™! — R is a C? function, then Graph,, is

a critical point of the area functional if and only if u satisfies

T N U
V1+|Vul|?



Thus, the divergence form of the minimal surface equation is the same in all dimen-
sions.

A few comments are in order. First, a minimal graph is not only a critical point for
area, it actually minimizes area amongst all surfaces in the cylinder 2 x R which agree
with the graph on the boundary (see [8, p. 2-4]). Second, any minimal hypersurface
is locally a minimal graph. Thus, we can say a lot about minimal hypersurfaces from
looking at their intersections with small balls. There are many important properties
of minimal graphs which are just special cases of results common to all solutions of
uniformly elliptic PDEs. One such property which we will use throughout this paper
is the maximum principle. In general, the strong maximum principle for solutions to
uniformly elliptic PDEs on a connected domain () says that the solution attains its
maximum on 0f2; if the solution has an interior maximum, then it must be constant
(see, e.g., [14, p. 332-333]). In this paper, when we cite the maximum principle, we

will usually be referring to the following, which is Lemma 1.17 in [8].

Lemma 2.1. Let Q C R ! be an open connected neighborhood of the origin. If
uy,ug : 2 — R are solutions of the minimal surface equation with u; < us and

u1(0) = uz(0), then uy = u,.

Proof [8, p.15]. Since

Vu1 VUQ
VI+ VLR 1+ [Vuo?
V1TV (Vuy = V) + (V14 [V = /1 + [V ?) Vg
V14 [Vu 2 /1 + [Vug|?
Vu1 — VU/Q (‘VU2|2 - |VU1‘2) VUQ

_I_
VI+IVu? (V1+[Vur 2+ 1+ [ Vuel?) /1 + [Vur |2 /1 + [Vug|?

and both u; and wug satisfy the minimal surface equation, we get

0= div |V
V14 |Vui]2 /14 [Vugl?
= div —V(ul—u2)
\/1+|VUJ1|2

_div ( < V(up —ug), V(ug + ug) > v 2) .

(VI + Vuil? + I+ [Vual2) /1 + V2 /1 + Vo]




From this, we conclude that v = u; — uy satisfies an equation of the form
0 =div(a; ;Vv) +b;Vu.

Moreover, if |Vuy|, [Vus| are sufficiently small, then A|z|* < a; jz;z; for some A > 0.
Therefore, the usual strong maximum principle gives the claim. 0
As already mentioned, any minimal hypersurface is locally a minimal graph.

Therefore, the following is a corollary to the above lemma.

Corollary 2.2 (Strong Maximum Principle). If 31,3, C R™ are complete con-
nected minimal hypersurfaces (without boundaries), Y1 N Xg # 0, and o lies on one

side of 31, then ¥ = Y.

The way we will usually apply the maximum principle in this paper is as follows.
Given two distinct minimal graphs in a ball, one sitting above the other, the graphs
must be disjoint. For, if they touched, the maximum principle would imply that the

graphs are identically equal, a contradiction.

2.2 The First and Second Variation Formulas; Stability

So far, we have mentioned two ways to approach minimal surfaces: as a critical
point for the area functional, and as locally the graph of a solution of the minimal
surface equation. This second approach deals only with hypersurfaces. We will now
discuss an approach which defines the concept of minimal submanifolds of arbitrary
codimension.

Let M* be an immersed submanifold of a Riemannian manifold N™. We assume
that M is a critical point for the area functional. Let F' : M x (—e,¢) — N be a
variation of M with compact support and fixed boundary. In particular, F'(z,0) = z
for all x € M, F(x,t) = x for all t € (—¢,¢) and all z outside a compact set, and
F(z,t) = z for all t € (—¢,¢) and all x € OM. Writing Area(t) as shorthand for
Area(F'(M,t)), the condition that M is a critical point for the area functional is
equivalent to

Area’(0) = 0.



The vector field F; restricted to M is called the variational vector field. For conve-
nience, we will assume that £} is normal to M.
Our goal is to compute the first and second variations of area for this one-

parameter family of surfaces. Let xz; be local coordinates on M. Let g;;(t) =

g(Fy, (), Fyy(t) and v, = (/det(g; ;(t)) \/det(g"7(0)), where g is the metric on N

and, in general, @™’ is the inverse of the matrix a; ;. Note that v, is defined so as to

be independent of the choice of local coordinates on M. So, we have (see [8, p. 5])

Area(t) = /N R det(g:4(0))

and the first variation formula for area is (see [8, p. 6])

Area’(0) = — /Mg(Ft, H),

where H is the mean curvature vector of M. Since Area’(0) = 0 for any such variation,
we must have H = 0. This is often taken as the definition of minimal submanifold;
namely, M* C N" is minimal if its mean curvature H is identically 0 (see [8, p. 6]).

We know that minimal surfaces are critical points for the area functional. We
would like to study minimal surfaces which are in fact local minima for the area
functional; we have already seen that this is true for minimal graphs. To determine
if a given minimal submanifold M* C N™ is a local minimum for area, we must look
at the second variation of area. Thus, we want to examine Area”(0). If Area”(0) > 0
for all variations F' with fixed boundary, then M is a local minimum for area, and we
say that M is a stable minimal submanifold.

The second variation formula for area is (see [8, p. 16-17])

Area”(O) = —/ g(Ft, LFt) .
M

Here, L is a self-adjoint operator called the stability operator (or Jacobi operator),

defined on a vector field X which is normal to M by (see [8, p. 17])
k
LX = ARP™X + Y " Ry(X,E)E; + A(X)
i=1
where F; is an orthonormal basis for T, M, A is Simons’ operator, defined by

AX) = Z 9(A(E;, Ey), X)A(E;, Ej)

3,j=1



where A is the second fundamental form of M, and AIP™ is the Laplacian on the
normal bundle (see [8, p. 18]). Thus, M is stable if — [, g(F, LF;) > 0 for all
variations I’ with fixed boundary.

If M is a minimal hypersurface with trivial normal bundle, then the stability
operator can be simplified. Let v be a smooth unit normal on M. Then, normal
variations are of the form ¢v, where ¢ is a smooth test function. Writing Ly as

shorthand for L(pv), we get (see [8, p. 18])
Ly = Dy + |APp + Ric(v)p,
where Ric is the Ricci curvature of N. Then, for M to be stable, we must have

—/ oLy >0
M

for all ¢. Writing Area(y) instead of Area(t) for Area(F'(M,t)) in the special case

Fy, = pv, we have
Area”(p) = — / pLp
M
—— [ e+ (4P + Ric()p?
M
— [ VMl = (AP + Riclw))s?.
M
where VM is the connection on M. Thus, if M is stable, we must have

/ (infRicN+|A|2> ©* S/ VY ol?
MmN M

for all smooth test functions ¢; this is the stability inequality (see [8, Lemma 1.20]).

2.3 Some Relevant Results

We will now discuss some results for minimal surfaces in 3-manifolds which, although
not fundamental results in the field of minimal surfaces, will nonetheless play impor-
tant roles in this paper.

There are a number of curvature estimates for minimal surfaces, which give a
uniform upper bound for the norm squared of the second fundamental form of the

minimal surface within sufficiently small balls. For example, Choi and Schoen proved



a curvature estimate in [4] in the case where the minimal surface has small total
curvature, and Heinz proved one in [17] for minimal graphs. We are most interested
in this paper in a curvature estimate, originally due to Schoen in [26, Thm. 3], for
orientable stable minimal surfaces in 3-manifolds of bounded sectional curvature. The

version we will use is due to Colding and Minicozzi in [10].

Theorem 2.3 (Schoen Curvature Estimate). If M? C B,, = B,,(y) C N? is
an immersed stable minimal surface with trivial normal bundle, where |secy| < k,
OM C 0B,,, and rq is sufficiently small (depending only on k), then there exists a
constant K, depending only on k, such that for all 0 < o < rg,

K
sup AP < = |
B’I‘o—D’ g

where A is the second fundamental form of M.

Note that, if the Schoen Curvature Estimate applies to M in a ball of radius r,
then M is graphical in smaller balls, i.e., M N B, 5 is a collection of stable minimal
graphs.

Another result which will be used extensively in this paper is an area bound
of Choi and Wang for compact orientable embedded minimal surfaces in compact
orientable 3-manifolds of positive Ricci curvature. This is actually a consequence of
Choi and Wang’s main result, a uniform first eigenvalue estimate. This eigenvalue
estimate, Theorem 2 in [5], says that if M is a compact orientable embedded minimal
hypersurface of a compact orientable Riemannian manifold N with Ricy > xk > 0,
then A\ (M) > k/2.

Although this first eigenvalue estimate holds in any dimension, we are interested
in the case where N is a 3-manifold. Then, Choi and Wang applied a result of Yang
and Yau (see [29]), which states that if M is an orientable Riemann surface of genus
7, then A (M)Area(M) < 8m(y+ 1). Thus, they obtained the following area bound,
Proposition 4 in [5].

Proposition 2.4 (Choi/Wang Area Bound). Let M be a compact orientable

embedded minimal surface of genus v in a compact orientable 3-manifold N with



Ricy > k> 0. Then,
Area(M) < —(v+1).
K

This area bound depends on the topology of M. In Section 4, we will discuss an
area bound of Ross (see [24]) in which he shows that, given the additional assumption
that M is stable, there is an area bound depending only on k, i.e., independent of
the topology of M.

In [4], Choi and Schoen proved a compactness result for compact embedded min-
imal surfaces of fixed genus in a compact 3-manifold with positive Ricci curvature.
The proof of this result depends on a curvature estimate, which was briefly men-
tioned earlier and is given here, for compact immersed minimal surfaces with small

total curvature.

Proposition 2.5 ([4], p. 389). Let N be a three-dimensional Riemannian manifold.
Let Q € N and r > 0 such that B.(Q) has compact closure in N. Suppose M is a
compact immersed minimal surface (with possibly empty boundary) in N such that

Q € M and OM N B,.(Q) = 0. There exists ¢ > 0 depending only on the geometry of

B,(Q) such that if
| apse
MNB,(Q)

and r < €, then

max o sup |A]?<C,
0<o<r Br—0(Q)

where C' is a constant depending only on the geometry of B.(Q), i.e., C is independent
of M.

The proof of this curvature estimate involves a rescaling argument and the mean
value inequality for the Laplacian.

We now state Choi and Schoen’s compactness result.

Theorem 2.6 ([4], p. 388). Let N be a compact 3-manifold with positive Ricci
curvature. Then, the space of compact embedded minimal surfaces of fixed topological

type in N is compact in the C* topology for any k > 2.
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Thus, given a compact 3-manifold N with positive Ricci curvature, any sequence
of compact embedded minimal surfaces in N of fixed genus must have a convergent
subsequence.

As part of the proof of this compactness result, Choi and Schoen use a universal
covering argument. They then use a similar argument to prove the following general-
izations of the Choi and Wang eigenvalue estimate and area bound (Proposition 2.4),
in which the assumptions of orientability can be dropped. As before, the eigenvalue
estimate holds for minimal hypersurfaces in any dimension, while the area bound is

specifically for minimal surfaces embedded in 3-manifolds.

Theorem 2.7 ([4], p. 393). Let M be a compact embedded minimal hypersurface of
a compact n-dimensional manifold N with Ricci curvature bounded below by a positive
constant k. Then, \y(M) > k/2, where A\;(M) is the first Neumann eigenvalue of the
Laplacian of M.

Corollary 2.8 ([4], p. 393). Let M and N be as in Theorem 2.7. Assume also that
dim N =3. Then,

where x(M) is the FEuler characteristic of M, and d is the order of m(N).

Note that, as with the Choi/Wang Area Bound (Proposition 2.4), this area bound

is not uniform, as it depends on the topology of M.

2.4 Existence and Embeddedness of Area-Minimizers

Given a compact surface embedded in a 3-manifold, it would be helpful to know
whether we can find a surface which minimizes area among all surfaces that share
a particular characteristic with the given compact surface. For our purposes in Sec-
tion 3, that characteristic will be homotopy class, i.e., we will seek a minimal surface
which minimizes area, and hence is stable, among all surfaces that induce the same
action on the fundamental group of a given surface. In this section, we state some
results which give sufficient conditions to ensure existence of area-minimizers, often

with the added benefit that the resulting surface is embedded.

11



For 2-spheres, we have the following. The existence result is due to Sacks and
Uhlenbeck in [25], while the embeddedness result was given by Meeks and Yau in
21].

Theorem 2.9 ([25], [21]). Given any 3-manifold 2, there exist conformal (stable)
minimal immersions uy, ..., Uy : S — Q which generate mo(Q) as a Zm (Q)] module,
and such that:

(i) If u: S? — Q and [u],, # 0, then Area(u) > min; Area(u;).

(ii) Each u; is either an embedding or a 2-1 map onto an embedded 2-sided RP?.

Note that, for spheres, we need to look at o, since m;(S?) is trivial. For higher
genus surfaces, we can look at m;. The following results of Schoen and Yau (for
existence) and Freedman, Hass, and Scott (for embeddedness) will be of great use to

us in Section 3. They are crucial components in the proof of Theorem 1.1.

Theorem 2.10 ([27], p. 127). Let Q2 be a compact 3-manifold and ¥, a compact
Riemann surface of genus-y. let f : X, — Q be a continuous map such that the induced
map fg @ m(3y) — m(Q) is injective. Then, there exists a minimal immersion
h: ¥, — Q such that hy = fu on m(32,) and the induced area of h is least among

all maps with the same action on m (X,).

The conditions of Theorem 2.10 require that v > 0; the theorem does not hold for

2-spheres. The same is true of the corresponding embeddedness result.

Theorem 2.11 ([16]). Let Q, 3., and f be as in Theorem 2.10. If f, in addition to
inducing an injective map fg, is also an embedding of X, into ), then there exists a
minimal embedding h : ¥, — 0 such that hy = fu on m(3,) and the induced area

of h is least among all maps with the same action on m (X,).

Our use of these results in Section 3 will be as follows. We will construct em-
beddings of 3, (for fixed v > 1) into a particular 3-manifold, such that the induced
maps on fundamental groups will be injective. Theorems 2.10 and 2.11 will then give
us the existence of stable embedded minimal surfaces with the same actions on 7
as the surfaces we constructed. The main reason that the result of Theorem 1.1 is

an open question for the genus zero case is that Theorems 2.10 and 2.11 don’t hold

12



when v = 0. The result of Theorem 2.9, which is for spheres, is a weaker result than

Theorems 2.10 and 2.11. We will discuss this further in Section 3.5.
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3 Compact Embedded Minimal Surfaces of Arbi-
trary Area

Throughout this section, we use the C*-topology on the space of metrics on a manifold.
Our goal is to prove our first main result, Theorem 1.1, which says that given any 3-
manifold N (possibly with boundary) and any positive integer 7, there exists an open
nonempty set of metrics on N for each of which there are stable compact embedded
minimal surfaces of genus v with arbitrarily large area.

Although the theorem ensures that there are “many” metrics for which we can
embed stable compact genus v minimal surfaces of arbitrarily large area, the result
is false for a large class of metrics. Namely, the Choi/Wang Area Bound and its
generalization, Corollary 2.8, show that for any metric in which N has Ricci curvature
bounded below by a positive constant, there is an upper bound on the area of compact
embedded minimal surfaces of genus v, depending on 7 and the lower bound for Ricy.
In fact, as we will see, the Ross Area Bound (Theorem 4.2) shows that for stable
minimal surfaces, the area is bounded above uniformly by a constant depending only
on the lower bound for Ricy.

Colding and Minicozzi (see [7]) have already proved Theorem 1.1 for v = 1. We
will give their argument in Section 3.2. In Section 3.3, we will prove the theorem for
v = 2, with an argument borrowing heavily from the genus one case. The theorem
will then be extended easily to genus greater than two in Section 3.4. Much of the
material in the remainder of Section 3, with the exception of Sections 3.2 and 3.5,
also appears in [12], and appears here with kind permission of Kluwer Academic
Publishers.

It remains an open question as to whether or not the theorem remains valid for
genus zero, i.e., embedded minimal 2-spheres. That is, given any 3-manifold N, do
there exist stable embedded minimal spheres in N of arbitrarily large area? If not,
does the result at least hold for some 3-manifolds N7 We will briefly discuss the

genus zero case in Section 3.5.
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3.1 Strictly Mean Convex Metrics

Theorem 1.1 says that our result holds for an open nonempty set of metrics on our
arbitrary 3-manifold N. Specifically, we will be embedding a 3-manifold 2 with
boundary in N, and will be looking at the set of metrics on N in which € is strictly
mean convex. In general, if {2 is a compact Riemannian manifold with boundary
and dimension n > 3, then () is strictly mean convex in a given metric if the mean
curvature with respect to that metric is strictly positive on 0€2. This is the higher-
dimensional analogue of a 2-manifold having a convex boundary.

To show that this set of metrics is open and nonempty, we prove the following

Proposition, whose proof is inspired by a calculation in [13, p. 4-5].

Proposition 3.1. Let Q" be a compact Riemannian manifold with boundary and
dimension n > 3. Then, the set of metrics on €2 in which § is strictly mean convex

is open and nonempty.

Proof. The set of such metrics is clearly open, by the definition of strictly mean
convex. To show it is nonempty, let g be any metric on €, and let § = €2/g be a
metric conformally related to g. Let {ey,...,e,} be a framing for €2 so that g;; = J;;
and e, is the unit normal to 9 in g (and therefore, e~/e, is the unit normal to 95
in g). Fix a point p € 99, and choose coordinates {zy,...,z,} at p so that, at p,
e; = 8%1_ for all 7. Then, the second fundamental form of OS2 in g at p is given by, for
,j=1,..,n—1,

n

hij = g(Ve,ej,en) = ZQ(FZ‘eka en) =17,

k=1

and the mean curvature of 02 in g at p is given by

n—1 n—1 n—1
1 . 1 1
h= S gihy = > T = > oI
n_lijzlg J n—lijz1 I n—lizl "

The second fundamental form of 0€) in g at p is given by, for i,7 =1,....n — 1,

hij = 5(6%6]‘, e le,) = leg(ﬁeiej, efe,) = Z efg(ffjek, én) = eff% :
k=1
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The mean curvature of 9€2 in g at p is then given by

h

n—1
> §hy

n—14%
4,j=1
R~ )
_ —2f s frn _ 2 f .
— Jz_le 5i) ( Iy — 5-(e )%)
n—1
1 0
n—1;<e i € 871(6 )>
n—1
_ _ of
_ f n |\ _ —2f f7J
e (n — ZZ:;F“> e “e o

_9f
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We have shown that this relation holds at an arbitrarily chosen point of 0€2, and so
it holds everywhere on 052 since all quantities involved are tensorial. Let m be the
minimum of h on 02, which exists since 0€) is compact. Choose f so that % <m
everywhere on 9€2 and f = 0 outside a small tubular neighborhood around 0€). Then,
g = g except for a small tubular neighborhood around 0f2, and h>0 everywhere on

0L, so g is a metric in which € is strictly mean convex. O

3.2 Colding and Minicozzi’s Proof For Genus 1

In this section, we give Colding and Minicozzi’s proof of Theorem 1.1 in the case v = 1.
Almost all of the material in this section is taken from Colding and Minicozzi’s paper
[7].

The main way in which Colding and Minicozzi’s argument does not directly extend
to the higher genus case is as follows. Instead of working with embedded minimal
tori in 3-manifolds, they begin by looking at embedded geodesics of arbitrary length
in planar domains (see Proposition 3.3). They then take the cross product of this
with S!, obtaining minimal tori of arbitrarily large area in 3-manifolds. The areas are
obviously arbitrarily large, since the lengths of the cross-sections of the minimal tori
approach infinity. This idea can not be extended to higher genus: a genus ~ surface
for ¥ > 2 can not be written as a cross product with S'. Thus, it will be harder to
show that the stable minimal genus 7 surfaces we construct in Sections 3.3 and 3.4
have arbitrarily large area. To prove that in fact they do, we will need a lemma (see
Lemma 3.4).

As just mentioned, Colding and Minicozzi begin by looking at embedded geodesics
in planar domains. A planar domain S is a disc with finitely many subdiscs removed.
The fundamental group m;(S) is a free group with one generator for each interior
boundary component. For a € m1(S), we can define the word metric |a| by simply
counting the number of letters in the word represented by a. For example, if the
generators of m(S) are a, b, and ¢, then |a?ba'cb™t| = 6, |b?c*(ab) 2| = 9, and so

on. Let ©¥(S) be the set of conjugacy classes of elements in 7;(S) which can be
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represented by a closed embedded S'. For a € 79(S5), we set

la| = inf |a].
aco

Colding and Minicozzi begin by proving the following lemma, Lemma 1.3 in [7].

Lemma 3.2. If S is a connected planar domain with at least three interior boundary
components, then

sup |a| = oo.
aen?(9)

In the proof of this lemma, Colding and Minicozzi explicitly construct the desired
conjugacy classes. We will use the same construction for one of the generators of the

fundamental groups of our higher genus surfaces in Sections 3.3 and 3.4.

Proof [7, p. 1098-1099]. Let a,b,c € m(S) be the generators corresponding to
one clockwise rotation around each of the punctures. The conjugacy classes of the

following elements have the desired properties:
(ba)"c(ba)"a" " ba .

Roughly speaking, the loops enclose the second puncture, then circle the first two
punctures together n times, hook around the third puncture, and finally reverse their
path around the first two punctures n times in the opposite direction. Since 7 (S)
is a free group, it is easy to see that the above representatives actually minimize the

word metric (with respect to these generators) for their conjugacy classes. Since
|(ba)"c(ba)"a" bal = 4n + 4,

we see, by letting n — oo,

sup |a| = oo,
aenf(S)

as desired. O
We need this lemma to help prove the following Proposition (see [7, Prop. 1.1]),
which is Theorem 1.1 in one dimension less, i.e., for closed embedded geodesics in

2-manifolds.
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Proposition 3.3. Given any surface M?, there exists an open nonempty set of met-
rics on M for each of which there exist closed embedded geodesics with arbitrarily

large length.

Proof [7, p. 1099]. Let S C M be a connected planar domain with three interior
boundary components. Let g be a metric on M in which S is strictly convex. The set
of such metrics is clearly open and nonempty in the C*-topology. By Lemma 3.2 and
[15], there are closed embedded geodesics ; in (S, g) representing classes a; € 70(.5)
with |a;] — oo Consequently, we have that the lengths of the ~;’s must also be
unbounded. O

Colding and Minicozzi then extend everything to one higher dimension by crossing
everything with S!. Let S be a connected planar domain with three interior boundary
components. Then €; = S x S! is a solid torus with three solid tori removed. So,
) can be embedded in any N3. Given a € 7)(9), let 7, be a simple closed curve in
S representing «, and set X, = 7, x S'. By construction, ¥, is an incompressible

torus in Q; (see [16]).

Proof of Theorem 1.1 for v =1 [7, p. 1099]. Given any 3-manifold N, we can embed
2y in N. Let g be ametric on N so that ) is strictly mean convex (by Proposition 3.1,
the set of such metrics is open and nonempty). By Lemma 3.2, we may choose classes
a; € m7(S) with |a;] — oo and corresponding embedded incompressible tori ¥, in
;. By Theorem 2.10, there are immersed least-area minimal tori I'; C §2; with
[; N0 = 0 so that T; and 3, induce the same mapping from Z? to m1(£2;) for each
i. Since the ¥, are embedded, Theorem 2.11 implies that the I'; are embedded. The

action on m1(£21) implies that the areas of the I"; are unbounded. O

3.3 The Genus 2 Case

Let Y5 denote the standard genus two surface. This has fundamental group
_ ~1, 1 ~1, 1
T1(82) =< 1, Y1, T2, Y2 | T1Y1T1 Y1 TaYoly Yoo >,

where x; and x5 are freely homotopic to meridians of the two handles, where the

meridians have the same orientation, and y; and y, are freely homotopic to lines of

19



latitude of the two handles, where the lines of latitude have the same orientation.
Let €25 be a solid genus two surface with a solid genus two surface and two solid tori
removed, where the solid tori lie in the same handle of the ambient genus two surface.

This can be pictured as in Figure 1, where the top and bottom of the picture are

identified.

Figure 1: €25. The top and bottom of the picture are identified.

The fundamental group of €2, is
m(Q) =< a,b,c1,dy, ¢, dy | adya™ T, bdibT AT, erdiey T eadocs Ty >
where the generators are as follows:

(i) @ and b are freely homotopic to meridians of the two removed solid tori (clockwise

rotation around the two removed solid tori in Figure 1).

(ii) ¢ is freely homotopic to a meridian of the handle of the removed solid genus
two in the same handle of the ambient solid genus two as the removed solid
tori (clockwise rotation around the left handle of the removed solid genus two

in Figure 1).

(iii) d, is freely homotopic to a line of latitude of the left handle of the ambient solid

genus two in Figure 1.

(iv) cg is freely homotopic to a meridian of the removed solid genus two in the other
handle from the meridian which is freely homotopic to ¢; (clockwise rotation

around the right handle of the removed solid genus two in Figure 1).
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(v) ds is freely homotopic to a line of latitude of the right handle of the ambient solid
genus two in Figure 1, with the same orientation as the line of latitude which

is freely homotopic to d;.

To prove Theorem 1.1, we will need the following lemma. We will also use this

lemma in Section 4.

Lemma 3.4. Let Q® be a compact Riemannian manifold, and let {M,} C Q be a
sequence of stable, compact, connected, embedded minimal surfaces without boundary

such that the following conditions hold:
(1) there exists a constant Cy > 0 such that Area(M,) < Cy for all n.
(ii) there exists a constant Cy > 0 such that
sup | A2 < G,
Mnp,
for all n, where A,, is the second fundamental form of M,,.

Then, a subsequence of {M,} converges to a compact, connected, embedded minimal

surface without boundary M C Q) of finite multiplicity.

Proof. Take a finite covering {B,(y;)} of {2 so that {B,2(y;)} is still a covering of
2. Then, by [9], a subsequence of {M,} converges in each B, /3(y;) to a lamination
M with minimal leaves. By taking a diagonal subsequence, we have a subsequence of
{M,}, which we still call {M,}, converging to M everywhere. M is clearly minimal,
and it is embedded by the maximum principle.

We claim that the number of leaves of M,, in each B, (y;) which intersect B, j2(y;)
has an upper bound which is uniform in n and j. Let I',; be any such leaf. Then,
there exists z; € 1',; N 0B, )2(y;). So, Byj2(x;) C By(y;), and by monotonicity of

area, there exists a constant C' > 0 so that
2
Area(Fn,j N Br/g(l’j)) > C <§> .

So, each I',, ; is of at least some fixed positive area, and so the area bound (¢) gives

an upper bound for the number of such leaves which is uniform in n and 5. We can

21



take a subsequence so that the number of leaves of M,, is the same in each B, 2(y;)
for all n, j. Then, the limit M must have finite multiplicity, although the multiplicity
may be different in each connected component of M. We have shown that each
connected component of M is a closed surface. The diameter of M is bounded, since
M is covered by finitely many balls B, 2(y;) N M. So, M is compact. M is without
boundary since each M, is without boundary.

It remains to show that M is connected, which would imply that M, — M with
fixed finite multiplicity. Suppose M is not connected, and let A and B be distinct con-
nected components of M. Then, ¢ = dist(A, B) > 0. Let R = {z € Q| £ < dist(z, A) < *}.
So, R is disjoint from both A and B. Since M,, — M, for large enough n we have
M,NA#(and M, "B # 0, but M, N R = (, contradicting the connectedness of
M,,. So, M is connected.

Therefore, M, converges to a compact, connected, embedded minimal surface

without boundary M C €2 of finite multiplicity. O

Proof of Theorem 1.1 for v = 2.

Given any three-manifold N, we can embed €2y in N. Choose a metric g on
N so that Qg is strictly mean convex (by Proposition 3.1, the set of such g¢'s is
open and nonempty). Let f, : X3 — €y be a map such that the induced map
Jrg 1 m1(B2) — m1(§22) is the following:

fou(x1) = (ba)"ci(ba)"a " ba
fag(yn) = d

fag(T2) = o

Jog(ye) = da.

It is easy to see that there exist such maps f, which are embeddings.

One can check that f,,,(z1) minimizes the word metric for its conjugacy class: by
conjugating f,4(21) by any element of 7,(€22) and using the relations of m1(£2;), one
can not decrease the length of f, (1) in the word metric.

So, for each n, we have an embedded incompressible genus two surface X, =

fn(X2). By Theorem 2.10, there are immersed least-area minimal genus two surfaces
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Iy, C Qy with 'y, NN, = 0 so that 'y, and X5, induce the same mapping from
m1(X2) to m1(£22) for each n. Since the ¥y, are embedded, Theorem 2.11 implies that
the I'y,, are embedded.

We claim that the areas of the I'y,, are unbounded. Assume not. Then, there
exists a constant C; > 0 such that Area(I'y,,) < C) for all n. The I'y,, are stable
since they are area-minimizing. So, by the Schoen Curvature Estimate, there exists

a constant Cy > 0 such that, for small enough r and all o € (0, r],

Cy

sup |An|2 < 52

for all n and all balls B,_, C {2, where A, is the second fundamental form of I'y,.
Since the I'y,, are all without boundary, we get a uniform curvature estimate on all
of I'y , instead of just on balls. Therefore, by Lemma 3.4, a subsequence of {I'g,,}
converges to a compact, connected, embedded minimal surface without boundary
'y C Qy of finite multiplicity.

For large n, the I'y,, are coverings of I'y by the maximum principle, and the degree
of the covering is proportional to n. Let n — oo. Then, I's has infinite multiplicity,

a contradiction. Therefore, the areas of the I's,, are unbounded. O

3.4 The General Case: v > 2

We now move to the general case. The arguments for fixed genus v > 2 are essentially
the same as in the genus 2 case.

Let X, denote the standard genus 7 surface, v > 2. This has fundamental group

7r1(2’7> =< T1,Y1,-- '7x'y:y’y| [551.%] e [xvy’y} >,

where the x; are freely homotopic to meridians of the handles, all with the same
orientation, the y; are freely homotopic to lines of latitude of the handles, all with the
same orientation, and [z;y;] = z;y2; 'y; * for i = 1,...,7. Let €2, be a solid genus v
surface with a solid genus v surface and two solid tori removed, where the solid tori
both lie in one of the end handles of the ambient genus «y surface (the case v = 3 is

shown in Figure 2, where the top and bottom of the picture are identified).
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Figure 2: €23. The top and bottom of the picture are identified.

The fundamental group of €2, is
7T1(Q,Y> =< a, b, C1, dl, ceey Cyy d,y | [adl], [bdl] [Cldl] s [C»ydfy} >,

where the generators are defined as in the case v = 2 (so, a, b, and all ¢; are freely
homotopic to meridians with the same orientation, and all d; are freely homotopic to

lines of latitude with the same orientation).

Proof of Theorem 1.1.

Given any three-manifold N, we can embed €2, in N. Choose a metric g on
N so that €, is strictly mean convex (by Proposition 3.1, the set of such g’s is
open and nonempty). Let f, : ¥, — €, be a map such that the induced map
Jng 1 m(8,) — m1(§2,) is the following:

Jon(z1) = (ba)"ci(ba)"a 'ba
Jan(zi) = cifori=2,...5

Jow(ys) = difori=1..v.

It is easy to see that there exist such maps f, which are embeddings.
The proof then proceeds exactly as in the genus 2 case. Theorems 2.10 and 2.11,

and the Schoen Curvature Estimate, again apply. O

3.5 Open Question: The Genus Zero Case

It is unclear whether the result of Theorem 1.1 holds when v = 0. Specifically, we

pose the following open question.
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Question 3.5. Given a 3-manifold N, does there exist an open nonempty set of met-
rics on N for each of which there are stable embedded minimal spheres with arbitrarily

large area? If not for all N, is it true for at least some N ¢

The argument used to prove Theorem 1.1 does not apply to the genus zero case. As
mentioned before, Theorems 2.10 and 2.11, which give us existence and embeddedness
of area-minimizers, hold only when + > (0. The corresponding result for existence and
embeddedness of area-minimizing spheres, which we stated as Theorem 2.9, is weaker.

One problem which arises with the genus zero case is the following. Consider the
analogous situation in one dimension less, that is, geodesic 1-spheres in 2-manifolds.
If we look at 1-spheres going around a cylinder, the shortest S* is a horizontal slice
of the cylinder, i.e, the generator of the fundamental group of the cylinder. Taking
this to have length one, the shortest S* going around the cylinder of length n will
just be the horizontal slice with multiplicity n; that is, the lengths of the geodesic
I-spheres approach infinity (as n approaches infinity) as immersed curves, but the
lengths stay fixed as embedded curves. This multiplicity problem can also arise for
minimal 2-spheres in 3-manifolds. If we look at S? x R, the cylinder over S?, then if
the generator of m(S? x R) has area one, the least-area 2-sphere of area n will just be
the generator with multiplicity n. The incompressibility assumption in Theorems 2.10
and 2.11 ensures that this is not a problem in the positive genus case, but there are

no such assurances when looking at 75 in the genus zero case.
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4 The Ross Area Bound For Stable Minimal Sur-
faces in 3-manifolds of Positive Ricci Curvature

Let N be an orientable manifold of positive Ricci curvature, Ricy > k > 0, and
let M C N be a stable compact embedded minimal hypersurface. We would like
to show that Area(M) is bounded above by a constant depending only on k. In
Section 4.1, we give an argument of Ross (see [24]) which proves that such an upper
bound exists when M is a 2-dimensional hypersurface of a 3-dimensional manifold
N. However, the argument does not easily extend to higher dimensions—it remains
an open question whether a uniform area bound exists for higher dimensional stable
compact embedded minimal hypersurfaces. In Section 4.2, we examine reasons why
Ross” argument cannot be extended to the higher-dimensional case.

It is easy to see that M must be nonorientable. We saw in Section 2.2 that, for an
orientable minimal hypersurface, if we let v be a smooth unit normal, then normal
variations are of the form v for smooth test functions ¢, and the second variation

formula for area becomes

Area(p) = / VM2 — (JA]? + Ric()) ¢,
M

where VM is the connection on M. For a compact orientable embedded minimal

hypersurface, we can take ¢ = 1, obtaining

Area”(p) = — /M(|A|2 + Ric(v)).

Thus, Area”(p) < 0 since N has positive Ricci curvature, and so a compact orientable

embedded minimal hypersurface cannot be stable.

4.1 The Case M? C N3: Ross’ Area Bound

Let N be an orientable 3-manifold with Ricy > x > 0, and let M C N be a nonori-
entable compact embedded minimal hypersurface. We wish to show that any such
M which is stable has its area bounded above uniformly by a constant depending
only on x. Let M be the orientable double cover of M. Note that this gives rise

to the projection map 7 : M — M and the orientation-reversing antipodal map
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I:M — ]Tf, satisfying m o I = w. Let v be a smooth unit normal on M. Then, v is
antisymmetric, i.e., vol = —v. Let ¢ : M — R be a smooth test function on M and

let o =por: M — R be the lift of @. Then, (pr)ol = —pv. If we choose any map
F=(f1,f2 f3) : M— S?CR?

for which each f, is antisymmetric, i.e., fo o I = —f, for a = 1,2,3 (we say such an

F is antisymmetric), then the vector fields f,pr on M satisfy

(fapv) ol = fapr,

and hence project to vector fields on M. So, we will take f,pv, a = 1,2, 3, as normal
variations of M. Applying the second variation formula for area and summing over

a =1,2,3, we obtain (see [24, p. 3096])
3 _ -
> dvea(£,3) = [ (95 - (AP + Ricw) @ + VPP
a=1 M
= 2 [ VY = (AP + Ric()? + [P
M

(Note that |V F|? is well-defined on M.)
We will need the following Lemma, which is Lemma 2 in [24], but originally

appears in [19, p. 481].

Lemma 4.1. Suppose M is a compact Riemann surface of genus v with antipodal

map I : M — M. Then there is an antisymmetric and conformal F : M — S? with
deg ' < v+ 1.
Consequently, for any metric compatible with the conformal structure of M ,
/~ IVF)? = 8n(deg ') < 87(7y + 1).
M

If we let ¢ =1 and apply Lemma 4.1, we obtain

> Avea(f,) < 8ny+1) = [ (AP + Ric(w))

M

_ Sn(y+1)+ /~(2K _ Ric(n) — Ric(m))

M
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(see [27, p. 139]), where K is the Gaussian curvature of M and 7, 7 is an orthonormal
basis for T,,M, for any given p € M. By the Gauss-Bonnet Theorem,

(Ric(my) + Ric(m))

M

> Area(f,) < Swly+1)+8e(1—) - [

= 167‘(’—/ (Ric(my) + Ric(m)).

M

Since Ricy > k > 0, we get

—

3
ZArea"(fa) < 167 — 2k Area(M)
a=1

= 167 — 4k Area(M),

and so if Area(M) > 4%, then M is unstable. We have therefore proved the following,
the Ross Area Bound (see [24, p. 3098]).

Theorem 4.2 (Ross Area Bound). Let N be an orientable 3-manifold with Ricy >
k>0, and let M C N be a stable compact embedded minimal hypersurface (which is
necessarily nonorientable). Then,

47

o .

Area(M) <

4.2 Problems Extending Area Bound to M" C N"*!, n >3

We now consider the higher-dimensional case. Let N be an orientable (n+1)-manifold,
n > 3, with Ricy > k > 0, and let M C N be a nonorientable stable compact
embedded minimal hypersurface. It remains an open question whether there exists
an upper bound for the area of M depending only on k. We will show that Ross’
argument for the case n = 2 does not seem to extend to the higher-dimensional case.
If a uniform area bound does exist when n > 3, it will require a different line of
argument to prove it.

Initially, we can proceed as Ross does in [24]. Let M be the orientable double
cover of M, and recall that this gives rise to the projection map 7 : M — M and the
antipodal map I : M — M, and that m o I = w. Let v be a smooth unit normal on

M. As before, v is antisymmetric, i.e., vo I = —v. Let ¢ : M — R be a smooth test
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function on M and let p = pom : M — R be the lift of . Then, @v is antisymmetric.

If we choose any map
F=(fi....[n) : M — S"' CR"

for which each f, is antisymmetric, a = 1,...,n, then the vector fields f,prv on M

satisfy
(fapr) o I = fapv,

and hence project to vector fields on M. So, we will take f,pv, a = 1,...,n, as normal
variations of M. Applying the second variation formula for area and summing over

a=1,...,n, we obtain (see [24, p. 3096])
> Area(£,3) = [ (9B - (AP + Ricw)(@F + [VF1()
a=1 M
= 2 [ [TV = (AP + Ric())? + [P
M

Again, note that |[VF|? is well-defined on M.

Up until this point, the argument has proceeded exactly as in Ross’ argument for
n = 2. However, it is at this point that Lemma 4.1 appears for the n = 2 case, and
that is where our argument falls apart. Lemma 4.1 clearly does not extend to the
case n > 3.

For one thing, Lemma 4.1, and the calculations that follow it in Ross’ argu-
ment, depend on concepts and results which are unique to the case where M is
2-dimensional. For example, in Lemma 4.1, M must be a compact Riemann surface
of genus . Also, F must be a conformal map, and the result holds for any met-
ric compatible with the conformal structure of M. Unfortunately, the concepts of
Riemann surface, genus, conformal map, and conformal structure do not exist for
n # 2.

When we look at the calculations in the proof of the Ross Area Bound that follow
Lemma 4.1, we find more problems. At one point, Ross uses the identity (see [27, p.
139])

|A]? + Ric(v) = —2K + Ric(r1) + Ric(r).
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Neither this identity, nor seemingly any other identity in as nice a form, hold for
n > 3. Even if such an identity did hold, the K in the n = 2 case is taken care of
by using the Gauss-Bonnet Theorem, which itself only makes sense for n = 2. Also,
when n = 2, the term obtained from the Gauss-Bonnet Theorem which depends on
the genus v cancels exactly with the v term obtained from Lemma 4.1, and thus Ross
eliminates the dependence of his area bound on the topology of M. It is not at all
clear how one could eliminate the dependence on the topology of M when n > 3.
Another problem extending the area bound to higher dimensions is the following.
Lemma 4.1 is motivated by the fact that, when n = 2, there exists an upper bound
for \j(M)Area(M) which holds uniformly for all metrics on M. Namely, a result of
Yang and Yau (see [29]) says that if M is a Riemann surface and F': M — S? C R?

is a conformal map with deg F' > 0, then
A1 (M)Area(M) < 8m(deg F).

Note that the term 87 (deg F') appears in Lemma 4.1. Certainly, the Yang/Yau result
cannot be extended directly to higher dimensions; as previously mentioned, the con-
cepts of Riemann surface and conformal map do not exist for n > 3. However, one
would hope to be able to find an upper bound for A (M)Area(M) in a different way
if possible.

Unfortunately, it can be shown that, for n > 3, there is not an upper bound for
A1 (M)Area(M) that holds uniformly for all metrics on M. This is easily seen using
a scaling argument. If we rescale M by a factor of h, then

M(M) = inf {7fM |Vf|2}

YT P
20 M

changes by a factor of
hn72 L

h" ’
and Area(M) changes by a factor of A", so Aj(M)Area(M) changes by a factor of
h"~2. Hence, if n > 3, we can make \;(M)Area(M) as large as we want by letting h

become sufficiently large.
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However, consider A;(M)[Area(M)]=. Under rescaling, this changes by a factor
of
h_2[hn]% — 1’

i.e., A\i(M)[Area(M)]= is scale-invariant. Thus, there is hope that we might be able
to find an upper bound for Ay (M)[Area(M)]= which holds uniformly for all metrics
on M. Note that, when n = 2, we get back A;(M)Area(M), for which we know the
desired upper bound exists. The idea to try to bound A (M)[Area(M)]# is due to
Berger in [1].

Our attempt to find an upper bound for Ay (M)[Area(M)]= also leads us nowhere,
however. Bleecker conjectured in [2] that, for any M with dim(M) > 3, there exist
metrics with fixed area and arbitrarily large A;. This conjecture was proved indepen-
dently by Colbois and Dodziuk in [6] and by Xu in [28]. Thus, when n > 3, there is
no upper bound for A (M)[Area(M)]= which holds uniformly for all metrics on M,
and our quest to extend the Ross Area Bound to higher dimensions reaches another

dead end.
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5 Genus Bounds in Compact 3-manifolds of Posi-
tive Ricci Curvature

Let N be a compact 3-manifold with positive Ricci curvature. In this section, we will
establish restrictions on which compact embedded minimal submanifolds M C N
can be stable. As we saw in Section 4, M must be nonorientable. We will examine
whether there are restrictions on the genus of a nonorientable stable compact em-
bedded minimal surface in a compact 3-manifold with positive Ricci curvature. The
genus of a nonorientable surface is defined as follows: for a positive integer v, M has
genus v if M can be written as the connected sum of v projective planes.

In Section 5.1, we show that given N, the set of positive integers v such that there
exists a nonorientable stable compact embedded minimal surface M C N of genus
v is bounded above. However, there is no uniform upper bound which works for all
N. Our goal is to place restrictions on N, creating a class of compact 3-manifolds
for which there is a uniform upper bound. In Section 5.2, we obtain an important
intermediate result. We show that, by putting certain restrictions on N, there is a
uniform upper bound for the diameter of a nonorientable stable compact embedded

minimal surface M C N. Our result is the following.

Theorem 5.1. Let N be an element of the class of compact 3-manifolds with Ric >
k>0, |sec| <k, and inj > ig, where Ric is Ricci curvature, sec is sectional curvature,
and inj is injectivity radius. Let M be a nonorientable stable compact embedded

minimal surface in N. Then, there exists a constant
D = D(k, k,ip)
such that diam(M) < D.

We conjecture that there is a uniform upper bound for diam(M) for the class of 3-
manifolds N subject only to the restriction Ric > k > 0. This would be analogous
to the uniform upper bound for Area(M), the Ross Area Bound. At this time, it is
unclear whether the conjecture is true.

In Section 5.3, we will use Theorem 5.1 to obtain a uniform upper bound for

genus(M), given certain restrictions on N. Our ultimate goal here in Section 5 is
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to prove our second main result, Theorem 1.2, which says that if N is an element
of the class of compact 3-manifolds with Ric > x > 0, |sec| < k, and inj > iy, and
M C N is a stable compact embedded minimal surface, then there exists a constant
(i, depending only on k, k, and iy, such that genus(M) < G.

An important consequence of Theorem 1.2 is that, given a compact 3-manifold N
with Ric > k > 0, |sec| < k, and inj > iy, the space of nonorientable stable compact
embedded minimal surfaces in N is compact in the C™-topology for m > 2. To
see this, let {M,,} be a sequence of nonorientable stable compact embedded minimal
surfaces in N. By Theorem 1.2, there exists a subsequence of {M,}, which we also
call {M,}, such that each M,, has the same fixed genus. Then, by [4, Thm. 1], there
exists a subsequence of {M,,} which, for any m > 2, converges in the C"™-topology to
a compact embedded minimal surface M C N. M clearly must be nonorientable and

stable.

5.1 A Nonuniform Upper Bound for Genus(M)

In this section, we show that, given a compact 3-manifold N of positive Ricci cur-
vature, there is an upper bound for the genus of a nonorientable stable compact
embedded minimal surface M C N. However, this upper bound depends on the
choice of N, and in fact any positive integer + can arise as the genus of some M in
some N. Let 7 > 1 be an integer. Then, Ross (see [24]) uses the following argument
of H. Rubinstein to show that there is some lens space L containing a nonorientable
stable compact embedded minimal surface M C L of genus . Let p and ¢ be positive
integers with ¢ < p and ged(2p,q)= 1. Let L be the lens space L(2p,q), and let
M C L be a nonorientable compact embedded minimal surface of smallest possible

genus. By [3], M has genus ['(2p, q), which is defined recursively by
r2,1) = 1
I'(2p.q) = T2p-q),d)+1,

where ¢ = 4+¢ (mod 2(p —¢q)) and 1 < ¢ < p—q. M is incompressible (by [18,
Lemma 6.3]), so by [20, Thm. 1], M is isotopic to a nonorientable stable compact

embedded minimal surface M C L, also of genus I'(2p, ¢). Bredon and Wood (see [3])
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have shown that by varying p and ¢, I'(2p, q) can take any positive integer value ~.
Note that this example demonstrates that the assumption inj > 7y in Theorem 1.2 is
necessary, as the injectivity radii of the L(2p, q) approach 0.

We have shown that there is no uniform upper bound for the genus of a nonori-
entable stable compact embedded minimal surface in some compact 3-manifold with
positive Ricci curvature. However, if we fix such a 3-manifold N, there is an upper

bound.

Theorem 5.2. Let N be a compact 3-manifold with positive Ricci curvature. Then,
the set of positive integers v such that there exists a nonorientable stable compact

embedded minimal surface M C N of genus vy has an upper bound (depending on N ).

We conjecture that a similar result holds for compact embedded minimal surfaces

M C N of higher index. Theorem 5.2 is the case where index (M) = 0.

Proof of Theorem 5.2. Suppose not. Then, there exist nonorientable stable compact
embedded minimal surfaces M, C N of genus 7, with v, — oco. Let k be the
minimum of Ricy. Then, k£ > 0, and by the Ross Area Bound (Theorem 4.2),

Area(M,,) < am
K

for all n, since the M, are stable. For small enough r > 0 (depending on the lower

bound for inj(N)), B, N M, is orientable and stable for all n and all balls B, C N,

and so by the Schoen Curvature Estimate (Theorem 2.3), there exists a constant K

such that, for small enough r (depending on k and the lower bound for inj(/N)) and

all o € (0,7],

K
sup [ 4,2 < =
Br—o 9

for all n and all balls B,_, C N, where A, is the second fundamental form of M,.
Since the M,, are without boundary, we get a uniform curvature estimate on all of M,,,
instead of just on balls. Therefore, by Lemma 3.4, a subsequence of {M,,} converges
to a compact embedded minimal surface M C N. By construction, M has infinite

genus, contradicting the compactness of N. O
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5.2 A Uniform Upper Bound for Diam(M)

Before we proceed to showing that, for a certain class of compact 3-manifolds NV,
there exists a uniform upper bound for genus(M), we must first establish a similar

upper bound for the diameter of M, which we have previously stated as Theorem 5.1.

Proof of Theorem 5.1. Let {B,(y;)} be a finite covering of N such that {B, 4(y;)} is
still a covering of NV, where r is small enough so that the Schoen Curvature Estimate
holds. In particular, r is small enough so that each B, N M is orientable and stable.
So, r depends on k and 4. Then, {B,,4(y;) N M} covers M, and, by Schoen, each
B, j2(y;) N M is a union of embedded discs.

We claim that the number of discs in each B, /2(y;)NM which intersect B, 4(y;) M
has an upper bound which is independent of j and the choice of M. Let D; be any
such disc. Then, there exists z; € D; N 9B, /4(y;). So, B,ja(x;) C Byja(y;), and by

monotonicity of area, there exists a constant C' > 0, depending on k and iy, such that
r\ 2
Area(D; N B, u(z;)) > C (1) .

So, each Dj is of at least some fixed positive area, and so by the Ross Area Bound, we
see that the number of such discs is bounded above by some constant. This constant
depends on k, C, and r, and so it depends only on k, k, and 7.

Since there are finitely many balls B, 4(y;) and finitely many discs in each B, /4(y;)N
M, there must be a finite total number of discs which cover M. Then, diam(M) is

bounded above by the product
(total number of discs) x (maximum diameter of any of the discs).

The maximum diameter of any of the discs depends on the Schoen Curvature Esti-
mate, and hence is bounded above by a constant depending only on k. The total
number of discs has an upper bound which depends on «, k, ig, and the number of
balls B, /4(y;) needed to cover N. By [23, Thm. 9.1.2], diam(N) < W\/%, and so the
number of B, 4(y;) is bounded above by a constant depending on « and r, and hence
depending only on &, k, and iy. Therefore, diam(M) is bounded above by a constant

depending only on &, k, and 4. O
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5.3 A Uniform Upper Bound for Genus(M)

In this section, we prove that, for a certain class of compact 3-manifolds N, there is
a uniform upper bound for the genus of a nonorientable stable compact embedded

minimal surface M C N. Namely, we prove our second main result, Theorem 1.2.

Proof of Theorem 1.2. By the Schoen Curvature Estimate, and since M is minimal,

1 1K
secM:secN—§|A|22 k-5
-

for sufficiently small r (depending on k and ip). Since K depends only on k, we
have shown that secy; has a uniform lower bound depending only on £ and 73. By
Theorem 5.1, diam (M) has a uniform upper bound depending only on x, k, and 7.
Let x(M) be the Euler characteristic of M. Then, by [23, p. 350], the sum of the
Betti numbers of M has a uniform upper bound depending only on x, k, and i,
and so x(M) has a uniform lower bound depending only on &, k, and iy. Our result

follows since genus is a decreasing function of Euler characteristic. O
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