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ABSTRACT

The purpose of this paper is to provide a new way of approach and get a result
on the rank bound problem.

We construct cohomology classes from quadratic twisted elliptic curves very
similar to Kolyvagin’s cohomology classes. We verify that these cohomology classes
satisfy a formula for computation as was obtained by Kolyvagin.

This has an immediate consequence of E(py(Q) C Ep)(R)° if £ and D satisfy
some conditions which will be described.

The formulas from the construction, combined with mod 2 algebra, gives us a
bound of rank E(Q) < 2n if Q(v/A) is a PID where n is the number of prime
divisors of 2Noo. Here A = A(FE) is the discriminant and N is the conductor of

E. This result extends our knowledge on the rank bound.
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We have a Restriction-Inflation exact sequence (A3 is a normal subgroup of S3

because it is a subgroup of index 2)

O — H'(Ss/ A3, ES5) 5 HY(Sy, o) 25 HY (A4, )

Here E3* = O, so H'(Ss/As, F3#) = O and H'(As, E5) = O by the second case.
Therefore we conclude that H'(S3, Ey) = O. O

The above theorem implies that a point P € T is not a global square over
L = Q(E,) either.

Proposition 7.6. If P € E(K) is a square almost everywhere, then it is a global
square, i.e. P € 2E(K).

Proof. Let K' = K(F5). We will prove that if P is a square almost everywhere, it
is a square in E(K'). Then the result would follow from Theorem 7.5.

Let Q@ € E(K) be such that 2Q = P.

Let v be a prime of K such that P is a local square at v. Then there is a
Q. € E(K,) such that P = 2Q),.

Let F = K(Q), the field generated by the coordinates of @ over K. Then F' is a
finite subextension of K. Let w be a prime of F' with w]v.

Then F C F, and Q € E(F,) where 2QQ = P. And @, € E(F,) under a
canonical embedding K, — F,,.

So 2(Q — Q,) =0, that is Q — @, € Es. Thus Q@ = @, + ¢ € E(K,(Fy)), which
implies that F' C K,(E>).

Thus F(Ey) C K,(F2) C K/, for almost all prime v of K, where v is a prime of
K' dividing v. Moreover K' C F(E3), so F'(E2) = K'. And hence Q € E(K'). O

Recall that T is defined by ' = {P € E(Q)| P is a point of infinite order, a
square at 2Noc but not a global square over Q }.

Let S(I') = {p prime in Q | p { 2Aoc where there exists P € T with P is not a
local square at p}.

Then Proposition 7.6 says that S(I') is an infinite set if T # ().

Main Theorem 2. Let E(Q)y = O and Q(v/A) = Q, where A = A(E) is the
discriminant of E. Then rank E(Q) < 2n where n = v(2Noo).

Proof. Suppose
rank F(Q) > 2 - v(2Noo). (%)
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Then as T’ # (0 by Proposition 7.4, so S(I') is an infinite set by Proposition 7.6.
Therefore we can choose P € T and p € S(I') such that P is not a square at p, in
other words, P represents a nontrivial element of £(Q,)/2E(Q,).

Let L = Q(E;) and let Ly be a completion of L at ¢ where £|p. Then from
Theorem 7.5, we have that P € F(Q,) is a square over Q, if and only if P is a
square over L,. Thus if P represents a nontrivial element of F(Q,)/2F(Q,), then
it represents a nontrivial element of F(L,)/2E(L,) also.

We now consider the orthogonality relation between E(L) and E,(L). (Notice
that a prime p is square-[ree over L, since p 1 2A00.)

If we choose P € T', then the orthogonality relation becomes

> {Prei(@) )y, =0 for all Q € Egy(L).

£p

In particular,

> (Prcile) )y, =0 for all e € Egy(L)s.
£p
Let R € E(Q,) such that 2R = P.

If p is inert in L, then the above relation becomes
(P, co(e) )472 =0 for all e € By (L)

which implies that [(Fr,—1)(R), e]o = 1 forall e € E)(L)2. Then the nondegeneracy
of Weil pairing implies that (Fr, — 1)(R) = O, that is, R € E(L,). Therefore, P is
a square over L;. This should be true for all P € T', but we know that there is a
point P € T which represents a nontrivial element of E(L,)/2E(L,). So we get a
contradiction.

Now suppose that p splits into three different primes. Then L; = Q,, so Fr, =
Fr,, which is given by Fr,(z,y) = (P, y?) for all ¢|p.

Thus the orthogonality relation, in terms of Weil pairing, is
[1(Fre = 1)(R), e]o = [(Fr, — 1)(R), e]f = [(Fr, — 1)(R), o = 1.
£lp

The above relation should be true for all e € Fy,y(L)2, which again implies that P
is a square at p (or equivalently at £) and we get a contradiction.

This contradiction comes from the assumption that rank E(Q) > 2n, which
assures that T 2 (). Therefore we get the conclusion that rank F(Q) < 2n. O
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Theorem 7.7. Let E(Q)y = O and Q(v/A) is a PID. Then rank E(Q) < 2n where

A and n are as defined in the above theorem.

Proof. Let p be a prime of Q(+v/A) with p|p where p € S(T).

As Q(v/A) is a PID, we can consider the orthogonality relation between E(L)
and F(,) (L) where L = Q(E,).

The rest of the arguments are exactly the same as those of the Main Theorem
2 with p replaced by p. Note that Fr,, is now given by Fr,(z,vy) = (z", yP") where
f =1if psplits and f = 2 if p is inert in Q(v/A). O

Example (The curve £ : y?> = 2° — 3z + 1 and its quadratic twists).
Let A and Ap denote the discriminant of F2 and Fpy respectively. Then Q(A) =
Q(Ap) = Q. Therefore, we can have that rank Fpy(Q) < 2n where n = v(D) + 3.

Here 3 is the number of prime divisors of 2Noc.

Example (The curve E : y? = 423 — 42 + 1 and its quadratic twists).

In this case, Q(A) = Q(Ap) = Q(v/37) and Q(v/37) has class number 1. Therefore,
we can have that rank Fp)(Q) < 2n where n = v(D) + 3. Here 3 is the number of

prime divisors of 2Noc.
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