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ABSTRACT

An idea of Poincaré about automorphic functions can be applied to an arbitrary (G, R)
with a group G acting on a ring R. For a 1-cocycle ¢ on the unit group R*, we can define
a module M./P., which is an invariant depending only on the cohomology class [¢]. We
are mainly interested in the case where G = Gal(K/k) is the Galois group of number field
extension and R = Op is the ring of integers. We determine M./P. completely for the
case K = Q(y/m) the quadratic number field over Q. For a nontrivial cocycle, the index
depends on the parity of the coefficient v of the fundamental unit € = u + vw of Oj, and
it is related to the central element of the continued fraction expansion of /m. We may

generalize this computation using Hilbert 90.
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1 Introduction

One important result about modular forms is that the space of cusp forms is generated by
Poincaré series. This statement can be viewed in terms of cohomology. In this form, the
statement is that M./P. = 0, as in Section 2.2.2, where ¢ is a cocycle of the modular group
G in the unit group of the ring R of holomorphic functions on the upper half plane. (See
Section 2.2.) We may apply this idea for a finite group G acting on a ring R, as noted by
Ono [15] and Shafarevich [24, p. 395]. The cohomology set H'(G, R*) is defined to be the
quotient set Z'(G, R*)/ ~, where Z1 (G, R*) = {c: G — R* | csy = cs°c;, ¢,t € G} is the
set of cocycles, and the equivalence relation ~ is defined by ¢ ~ ¢ if and only if there exists
u € R* such that ¢, = u='c,%u for all s € G.

The set H'(G,R*) forms a group if R is commutative. For a cocycle ¢, we associate

two modules M. and P., as follows:

M.={a€R|cs’a=a, scG}

P.= {pc(az) :thtx T € R}.

M. and P, are Z-modules in R. It is easy to see that P, C M, and that M./P, depends

and

only on the class of ¢. In other words, M./P. = M. /P, for ¢ ~ ¢. In particular, if ¢ ~ 1,
we have M./P, = R¢/NgR = H°(G,R). Motivated by this, we think of M,/P, as the
twisted cohomology H(G, R).,, where v = [c] € HY(G, R*). In view of Poincaré’s results,
it is natural to study the module M./P, = ﬁO(G, R),.

We are most interested in the case where G = Gal(K/k) for a Galois extension of
number fields K/k, and R = Ok is the ring of integers of K. In particular, we have
concrete descriptions for quadratic number fields.

Let K = Q(y/m) be a quadratic field; let O = [1,w] be the ring of integers of K where
w=/mifm=23 (mod 4) and w = Y™ if m = 1 (mod 4); and let G = Gal(K/Q) =

(s) with s? = 1. We can identify a cocycle ¢ with a unit in O} of norm N(c) = 1. If m > 0,
Ox = {*xe&! | j € Z} where ¢ is the fundamental unit. The set of nonequivalent cocycle
representatives for H'(G, Oy) consists of {1,i} if m = —1, {1} if m < 0 or m > 0 with
N(e) = -1, {£1,£e} if m > 0 with N(e) = 1.



For ¢ = £1, M./P. =0 if m =1 (mod 4) and M./P. = Z/2Z otherwise. For m = —1
and ¢ = i, we have that M./P. = 0. For nontrivial cocycles ¢ = +e, the structure of the
module M./P, depends on m mod 4 and the parity of coefficient of the fundamental unit.

For ¢ = ¢ = £(u + vw), define A,, by the relation Z/A,,Z = M./P.. (We have that
A, = 1or2.) We denote by (a,b) the greatest common divisor of a and b. Let d = (v,u—1)
and D = v/(v,u + 1). In [15], it is shown that A,, = [M. : P.| = d/(D,d). (We provide
full detailed verification of this fact in Section 4.2.) As one of our main results, we give a

concrete description of A,, = |M./P,.| in terms of m and v.

Theorem (4.11 and 4.12). If m = 1 (mod 4), then |M./P.] = 1. If m = 2 (mod 4),
then |M./P.| = 2. If m =3 (mod 4), then |M./P.| =1 if v is odd and |M./P.| =2 if v is

even.
To prove this theorem, we use the following results, each of which is a main lemma:
1. If v is odd, then A,, = 1.

2. If v is even and v is the maximal power of 2 in v, then A,, = 1 if and only if u # +1

(mod 2Y).
3. If e = u + vy/m with u, v integers and v even, then A,, = 2.

For the case m = 3 (mod 4), the result is less explicit since the behavior of the funda-
mental unit is not well understood. The most practical way to compute the fundamental
unit is through the continued fraction expansion of y/m. Our second main result, which
appears in Section 4.4.2; says that the parity of the central entry of the continued fraction

expansion of v/m determines A,,.

Theorem (4.21). Let m = 3 (mod 4), and let [ap;a1,---,ar] be the continued fraction

expansion of \/m. Then a, o =v (mod 2). Moreover, a,/; is odd if and only if Ay, = 1.

Note that N(e) = 1 guarantees that r is even, and that a, /2 1s the central element of
the symmetry a; = a,_; fori=1,...,r — 1.

Also, we have another result related to a Diophantine equation in Section 4.6.

Theorem (4.31). Let m = 3 (mod 4) be square free, let K = Q(y/m), and let e = u+vy/m

be the fundamental unit of Ok . Then the following are equivalent.



g

m

(a)
(b) v is odd.

(¢) The ideal [d,+/m] is not principal for 1 < d < m, d | m.

(d) |dz? — By?| =1 has no integer solutions for 1 < |d| <m, d|m

When m = 3 (mod 4), the above theorem directly implies the following results:

1. If m is prime, then A, = 1.

2. Suppose for any proper decomposition of m = myms, we have that my and mo are

not quadratic residues for each other. Then A,, = 1.

In Chapter 5, we introduce full determination of M./P, for a Galois extension of local
fields which is proved in [16]. The vanishing of M. /P, is related to the ramification of the
extension.

In Chapter 6, we suggest some methods due to Ono [17] for a generalization. A new
method allows us to determine M./ P, for a general Galois extension of number fields K/k
using Hilbert 90. Moreover, we can generalize M./P, itself by using certain elements or
ideals of Ok.

Furthermore, we may replace the ring R with the matrix ring over Ox. By using
Hilbert’s 90 for matrices, we also have a new method to determine M./P. as above. For
the matrix case, we need more information about the cohomology set H'(G,GL,(Ok)).

However, we do have an exact sequence of G-groups
1— SL,(Ok) — GLn(Or) — O — 1
which induces long exact sequence of pointed sets

1 — SL,(Ok) — GL,(O) — Of
— HY(G,SL,(0k)) — HY(G,GL,(0k)) — H' (G, 0}).

In Chapter 7, we prove some fragmental results on H!(G, SL2(Of)) for quadratic extensions

K over Q.



2 Preliminaries

2.1 Cohomology

The concepts of cohomology groups and nonabelian cohomology are introduced in [21], [20],
and [11], which we refer to for definitions and basic properties of cohomology throughout

this section.

2.1.1 Definition of Cohomology Group

Let G be a group and let A be a left G-module, denoting the action by (s,a) — ®a for s € G
and a € A. We have '6a = a, %(a+b) = a+ %, and *'a = ¥('a). Let A% be the submodule
consisting of the element fixed by G.

Denote by C™(G, A) the set of n-cochains, that is, the set of all maps of G™ to A. (If
G has a topological structure, cochains are defined as continuous functions of G™ to A.) It
is convenient to define C°(G, A) = {1¢}, the identity element of G. Define the coboundary
map

dni1: C"(G, A) — C™TH(G, A)

by

(dn+1f)(81, ey Sn+1) =51 (82, ey Sn+1)
+ Z(—l)if(sl, ey SiSi41s ey Sn+1)
=1
+ (—1)”+1f(51, ey Sn).

We have dy4+1 0d, = 0 and imd, C kerd,i;. We define the n-th cohomology group by
H™"(G,A) =2Z"(G,A)/B"(G,A) where Z"(G, A) = ker d,, 11 is called the group of cocycles,
and B"(G, A) = imd, is called the group of coboundaries.

Remark 2.1. (a) H°(G,A) = A%, as usual.

(b) HY(G, A) is the group of equivalent classes of crossed-homomorphisms of G into

A:

ZHG, A)={f: G — A f(st) = f(s) + *f (1)}
BYG,A)={g:G — A|g(s) = *b—b for some b € A}.



(¢) H2(G,A):

The 2-cocycles are the (continuous) functions f : G x G — A such that
fst,u) + f(s,t) = f(s,tu) + °f(s,1).
The 2-coboundaries are the functions

f(s,t) = g(s) — g(st) + “g(t)

with an arbitrary 1-cochain g : G — A.

2.1.2 Long Exact Sequence

Given an exact sequence of G-groups
0-A—-B—-C—=0
we have a long exact sequence of cohomology groups:

0— HY%G,A) — HG, B) — H(G,C) & HY(G, A)
— HY(G,B) — H'(G,0) 3 H2(G, A) — H2(G,B) — HX(G,C) — - --

2.1.3 Nonabelian Cohomology

Let G be a group and A a group on which G acts on the left. We now allow the case that
A is nonabelian. We can define H°(G, A) and H'(G, A) only. H°(G, A) is defined again as
the group A% of elements of A fixed by G. A cocycle is defined as a map s — ¢5 of G into
A such that cg; = cs%;. Denote by Z'(G, A) the set of all cocycles. We call ¢ and ¢’ are
cohomologous, denoted by ¢ ~ ¢, if there exists u € A such that ¢, = u=lcs %u for all s € G.
This defines an equivalence relation on the set of cocycles. We define the cohomology set of

G with value in A as the quotient set
HY (G, A) = ZYG,A)) ~ .

If A is abelian, this definition coincides with the definition of the first cohomology group
for the abelian case. Notice that Z!(G, A) and H'(G, A) do not attain a natural group
structure if A is nonabelian. Yet there is a distinguished element, which is the class of the

unit cocycle ¢, = 1, and we regard H'(G, A) as a pointed set.



If f: A— B isa G-group homomorphism, then we define

fo: HY(G, A) — H°(G, B)

fi: HY(G,A) — HY(G, B)
as follows: fo is the restriction of f to A%, then the image of fy is the set of fixed elements.
f1 is defined by fi(c)s = f(cs), and this is compatible with the equivalence relation. fy is
a group homomorphism and f; is a morphism of pointed sets, which means that f sends
the unit cocycle of A onto the unit cocycle of B. We can define kernel of a morphism of
pointed sets as the pre-image of the distinguished element. This enables us to consider an

exact sequence of pointed sets. We also have a long exact sequence for the cohomology sets,

but in general the sequence does not extend to H2.

Proposition 2.2. Let 1 - A — B — C — 1 be an exact sequence on nonabelian G-groups.

Then the sequence of pointed sets below is exact:
1 — H%G,A) — H°(G,B) - H°(G,C) — HY(G,A) - H'(G,B) — H(G,C).

The proof can be found in [21], p125.
Remark. If A is in the center of B, then A is abelian, so H?(G, A) is defined and the

long exact sequence is extended up to H2(G, A).

2.1.4 Twisting

Let A be a G-group. We define a new action of G on A twisted by a 1-cocycle element ¢ as
follows: Let ¢ € Z1(G, A), denote by .A the set A on which G acts by the formula

/

Sa = ¢, ac; L. (1)
One says that A is obtained by twisting A using the cocycle c.

Proposition 2.3. Let c € Z'(G, A), and let A’ = .A. To each cocycle ds in A’ we associate

dscs, which is a cocycle of G in A. Thus we have bijections
t.: Z4G, A — Z1(G, A)

and

7. HY(G, A') — H'(G, A)

induced by t., mapping the neutral element of H'(G, A’) into the class of c.



For proof, see [20].

2.2 Poincaré Series
2.2.1 Modular Forms

The Poincaré’s idea about Poincaré series can be found in [2] and [24]. We follow the
definitions and theorems from Gunning’s book ([2]). Denote by $§ = {z € C | imz > 0}

the upper half plane. The only conformal automorphisms of § are the linear fractional

transformations:
az+b
T:2+— ———,
cz+d
a b . . . . . .
where is a matrix of real coefficients having determinant one, in other word, an
c d

element of SLy(R). We define the inhomogeneous modular group I' to be the group of linear
fractional transformations associated to integral matrices. We have that I" is isomorphic to
PSLy(Z) = SLa(Z)/ £ 1. Let G be a subgroup of finite index in I'. A transformation T is
called parabolic if it has only one fixed point on the real line or at co. A fixed point of a

parabolic transformation in G is called a parabolic vertex, or a cusp of G.

Definition 2.4. An unrestricted modular form of weight 2k for G is a meromorphic function

f(z) on § such that f (Zjifl) = (cz+d) f(z) for all transformations T : z — %% belonging

to G, where k is an integer.

Denote Jr(z) = 2L = (cz + d)~2 so that we can write the above equation as f(7'(z)) =
Jr(2)7* f(2). The local coordinate at ico is ¢ = €2™%/9 where ¢ is the least positive integer
such that the translation z — z + ¢ is in the group G. Let f (¢) = f(2). An unrestricted
modular form f(z) is said to be holomorphic at oo if f(¢) is holomorphic in |¢| < 1. In

particular, f (¢) has a Taylor expansion in (
R o0
FQ) =) ame™,
m=0
and this induces a Fourier expansion for f(z)
o0
flz) = Z A €275/
m=0

Let p be a parabolic fixed point of G, not co. Let S € T' map p to oo, and g(z) =
Jg-1(2)Ff(S712). We call f(z) is holomorphic at p if g(z) is holomorphic at oco.



Definition 2.5. A modular form is an unrestricted modular form which is holomorphic at

all points of $ and at all parabolic vertices of the group.

Definition 2.6. The Poincaré series of weight 2k and of character v for G is the series

le/(z) _ Z 62wiuT(z)/qJT(z)k

TeR
where v is nonnegative integer, R is the set of coset representatives of G mod Gg, and
G is the infinite cyclic subgroup of translation in G, generated by the least translation

T:z+— z+qin G.

Definition 2.7. A cusp form of weight 2k for G is a modular form of weight 2k for G

which vanishes at all parabolic vertices (cusps).

It is known that the set of cusp forms of weight k£ for G forms a finite dimensional

Hilbert space with the Petersson Inner Product:

(f,9) = /Df(Z)g(z)yz(k_l)dzv/\ dy.
where D is a fundamental domain for G.

Theorem 2.8. The Poincaré series

QZ)Z,(Z) — Z eQriVT(z)/q(CZ + d)—Qk
TeR
converges absolutely uniformly on compact subsets of $, forv >0 and k > 1, and forv =10

and k > 1. ¢,(z) converges absolutely uniformly on every fundamental domain D for G

and represents a modular form of weight 2k for G. Further,
(a) ¢o(z) is zero at all finite parabolic vertices, nonzero at ico.

(b) ¢u(2) is a cusp form for v > 1.

Theorem 2.9. Every cusp form is a linear combination of the Poincaré series ¢, (z), v > 1.

2.2.2 Cohomological View

We will see the previous section in the cohomological point of view. Let R be the ring of

holomorphic functions on $. Then G acts on R and R*, the unit group of R, as follows:



cz+d
c C

~1
— a b ; ; s — az+b
Let s € G. The action is defined by (s, f(2)) — *f(z) == f . Now

define C : G — R* by C4(2) = (cz + d)™% for z € $. Then C satisfies the definition of

-1
e
1-cocycle of G with values in R*. Indeed, if t = ( f) eaqG,
g h

Ca(2) Ci(2) = (cz+ d) 2 gz + h) ™2

—2k
B o [ az+0b
= (cz +d) (gcz d + h>

= (g(az +b) 4+ h(cz +d))~ %

= ((ag + ch)z + (bg + dh)) =

- Cst(z)
a b e — —
since (st) ™t =t"1s7l = / =
c d g h ag +ch bg+ dh

Denote by M¢ the space of cusp forms of weight 2k:

az+b

Me = R
¢ {fE cz+d

(cz+d)~2kf < ) = f(2), f vanishes at all cusps} .

The condition (cz +d) =2k f (%) = f(z) can be written as Cs °f(z) = f(z). Denote by F¢

the space generated by Poincaré’s series:

by = Z e?wiuT(z)/q(cz+d)—2k:
TeER

= 3 C=) ()

SER

where g(z) = e?™#/4 1y > 1. Theorem 2.9 says that M¢ = Pp i.e. Mc/Pe = 0.



3 Definition of M./P.

3.1 Cohomology

Poincaré’s idea in automorphic functions can be applied to an arbitrary (G,R) with a
group G acting on a ring R as noted by T. Ono ([15]). Let R be a ring and G a finite
group acting on R from the left, (s,a) — ®a for s € G, a € R. Naturally G acts on the
group R* of units. The first cohomology set H'(G, R*) is defined by Z'(G, R*)/ ~ where
ZHG,R*) = {c: G — R* | cs = cs%, s,t € G} the set of cocycles, and ¢ ~ ¢ if there

1

exists u € R* such that ¢, = u~'es %u, s € G.

3.2 Definition of M,./P.

Definition 3.1. For a cocycle c € Z' (G, RX), we set

M.={a€R| ¢cs’a=a, seG},

pe(x) :thtx, :EGR}.

teG

P. = {pc(:v)

M, and P, are Z-modules in the ring R. We have P. C M., since ¢; *p.(x) = ¢5° (ZteG ct t:):) =

ZteG cs %cy Sty = ZteG cot St = ZteG cilr = pe(x).
Also, we have

IG|M,. C P, C M, (2)

Indeed, for a € M., pc(a) =Y ,cqcila =3 ,cqa = |Gla. Hence, if |G|1g is invertible in R,
then we have M./P, = 0 for any cocycle c.

We prove that M,./P. depends only on the cocycle class of ¢ as follows: Let ¢ ~ ¢, that

1

is, ¢, = u” ¢, *u for some v € R*. Then

a € My < ¢, %a = a for some s € G

S ultesuta = a < ¢ f(ua) = ua < ua € M,.

Because uc,(*u)~! = ¢;, We have that > ¢;fa = Y uc,(*u)"tla = u_ ¢, 5(u=ta). Hence

uMy = M. and uP., = P,, so that

M,/P. = My/P.. (3)

10



3.3 Twisted Cohomology

In the case of ¢ ~ 1, we have M./P, = RS /NgR = H°(G, R). Motivated by this, for any
v = [d] € HY(G, RX), M,/P, can be considered as the twisted cohomology set H(G, R), in
the following way. For a cocycle ¢ € Z1(G, R*), we define a new twisted action on R by
(s,a) — 'q := ¢, %a, and we write R as the set R with this new action. Note that R is a

G-module. Then we have

M.={a€R| *a=a}=.R®

and

T € R} = NgR.

PC—{Z%

teG

Hence

M./P, = .R°/Ng.R = H*(G, .R),

the twisted cohomology. By the equation (3), if v = [¢] € HY(G, RX) is the cohomology

class of ¢, we have

M,/P.= H°(G, R),.

3.4 Number Field Case

From the result of Poincaré (Theorem 2.9), it would be natural to hope that M, = P, (that
is, HO(G, R), = M_./P, = 0). However, this is not true in the general situation.

We are most interested in the case where G is a Galois group of a Galois extension of
number fields K/k and R is the ring of integers Ok . As a first step, we examine quadratic

number fields.

11



4 Determination of M,./P,. for Quadratic Fields

4.1 Basic Computations
4.1.1 Initial Setup

Let m be a square free positive integer, K = Q(y/m) the corresponding real quadratic field,
Ok the ring of integers of K, Oy the group of units of K and G = Gal(K/Q) = (s) of
order 2. G acts on K, Ok, and O as *(a + by/m) = a — by/m. We want to determine

M./ P, in this case. First, we write Ox = [1,w]| where

H_ﬁ/ﬁ ifm=1 (mod4)

w =
vym  ifm=23 (mod4).

Note that

l—w ifm=1 (mod4)

Sy —

We have )
{£1, £i} ifm=—1, i =+v—1
0% {+1, 4w, +w?}  if m = —3 where w = 1£Y=3
K pr—
{1} ifm<0,m#—1, m#—3
(+ed |jeZ}  ifm>0

where ¢ = u 4+ vw, u,v € Z is the fundamental unit, that is, the least positive unit in
Or.

The cocycles ¢ € Z'(G,0j) are unit elements in Ok with norm 1. Indeed, a cocycle
c: G — O is fully determined by the image of s, the generator of G. Since 1 = ¢; = ¢5.5 =
¢s °cs = N(cs), the element ¢y is of norm 1. So,
O if m<0,orm>0and N(e) =1

ZN(G,0F) =
{£e¥ |j€Z} ifm>0and N(e) = —1.

12



The coboundary group is
B(G,0%) = [1] = {v/* | v e 0F)
— {*/N(v) | N(v) = 1}
{v? |ve O} ifm<0, orm>0and N()=1
{£0? |v € OF, sign= N(v)} ifm >0and N(¢)=—1.
{v? | veOx} ifm<0
=41{e¥|jeZ} ifm>0and N(eg) =1
{(-1)Je¥ |j€Z} ifm>0and N(e) = —1.
Hence the cohomology group is

Z/27Z if m <0, orm>0and N(e¢) =1
HY(G,05) =
Z/2Z xZ/2Z ifm >0and N(e) = —1

with cocycle representatives

{1,i} ifm=-1

{1} ifm < —1orm>0with N(e) = -1

{£1,xe} if m >0 with N(e) = 1.
Now we consider M, and P, for ¢ the representative elements. We have
M, ={a € Ok | c’a = a},

P.={p.(z) =z+c%2 |z € Ok}.

The module M./P, is of order 1 or 2; we have 2M, C P. C M, by (2), so |M./P,| <
|M./2M.| = 2 since M, is a subgroup of Ok.

We have M./P, ~ M_./P_., i.e. the index is unchanged if ¢ is replaced by —c. Indeed,
if « € M, then ay/m € M_, and if p.(x) € P, then p.(x)/m = p_.(x/m) € P_.

4.1.2 Trivial Case
Proposition 4.1. If ¢ = 41,
0 ifm=1 (mod 4)

M./P. = H°(G,0%) =
Z/2Z otherwise.
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Ifm=—-1andc=1, M./P. = 0.

Proof. Ifc=1, M, ={a € Ok | *a=a}=Zand P.={f+ 6| 5 € Ox} =T(Ok). For

a+bw € Ok,
20+b ifm=1 (mod4)
T(a+bw) =
2a ifm=2,3 (mod 4)
S0
Z ifm=1 (mod4)
T(Ok) =

2Z iftm=2,3 (mod4).

Now let m = —1 and ¢ = i. Then a + bi € M, if and only if i(a + bi) = a + bi if and
only if ai +b = a + bi if and only if a =b. So M. = (1 +14)Z. For p.(a + bi) € P., we have
(a+bi)+i(a—0bi)=(a+b)+ (a+b)iso P.=(1+1)Z = M.. O

4.2 Computation for Fundamental Unit Case (1)

Computation of |M./P.| for ¢ = £¢ is not so trivial. We write the fundamental unit ¢ as
e =u+ww, u,v € Z. Note that (u,v) = 1. We may set ¢ = . Let a = a + bw € M..
Then (u + vw)(a + b*w) = (a + bw) or au + bu(T — w) + avw + buN = a + bw if we write
T=T(w)=w+ wand N = N(w) =w*w. We get the system of equations

a=au+b(ul +vN)

b= —bu+ av

and we can rewrite it in the matrix form

u—1 ul +vN a 0
—v 14+ u b 0

The coefficient matrix has determinant 0. Indeed, since 1 = N(¢) = u? + wvT + v2N, we
have

1—uw?=(1—-u(1+u)=vul +vN). (4)

Hence the determinant of the above matrix is u? — 14+ v(uT + vN) = 0 and two equations

are equivalent. So o € M, if and only if av = b(1 + u). Denote e = ged(v, 1 +u), D = v/e,

14



and C' = (14 u)/e. We have
M.={a+bw|av=01+u)}
={a+bw|aD =bC}
= (C + Dw)Z.

Now, let p.(z) = pe(x + yw) € P..

z4+ez=(x+yw) + (u+w)(r + yw)
=z(14+u)+y@ul +vN)+ (y(1 —u) + zv)w

= A+ Bw
where
A=z(1+u)+yuT+vN)
B=zv+y(l—u)

for arbitrary integers x,y. Then by (4), Av = B(u+1). Now A4+ Bw € P, < Av = B(u+1),
(1+u,uT +vN) | A, and d := (v,1 —u) | B. But (1 + u,uT +vN) | A follows from
Av=B(u+1) and (v,1 —u) | B by (4) again. Hence
P.={A+Bw|Av=B(u+1),d | B}
— {A+ Bw| AD = BC,d | B}
= (C+[D,dw)Z
where [D,d] is the least common multiple of D and d. Hence, we get M./P. =~

DZ/|D,d|Z =7/ 5.

Proposition 4.2 ([15]). For ¢ = +e, M./P. = Z/A,Z where A, = ﬁ, d=(v,u—1),
e=(v,u+1), and D =v/e.

4.3 Computation for Fundamental Unit Case (2)

Now we determine A,, = [M./P.] in terms of ¢ = v + vw in the simple way.

Proposition 4.3. A, =1 < de | v.
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Proof. ply=1®d=(D,d)&d|D&d|Yede|v O

Proposition 4.4. If v is odd, then A, = 1.

Proof. Note that (v,u — 1) and (v,u + 1) are odd divisors of v but (u + 1,u — 1) | 2. Then

(v,u—1) and (v,u + 1) are mutually prime both dividing v. Hence we get

(v,u—1)(v,u+1)|wv.

When v is even (then u is odd), let v = v/2 and v/ = (u — 1)/2. Then
d= (viu—1)=(20,2u) =2, u") = 2d'
with d' = (u/,v") and
e=(vyu+1)=(20,2u" +2) =20, v +1) = 2¢

with ¢’ = (v/,u' + 1). Note that d’ and e’ are are mutually prime both dividing v’. Hence

we have
d'e = W), v +1) |, (5)
that is,
/ /
s v 2v v
e’ 2¢/ e (6)

We have two cases;
(i) 2d'¢’ | v': we have de = 4d'e’ | 20" = v so A,,, = 1 by Proposition 4.3.
(ii) 2d'e’ {v": we have de fv and df % = D. Since d' | D, (D,d) = (D, 2d’) = d’ and hence

__d _ d _
Bm=Ta = a =2

Therefore we have A,, = 1 or 2 for any m and;

Proposition 4.5. If v is even, using the notations above,
2de | v e A, =1,
or equivalently,

2d'e v & A, = 2.
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Proposition 4.6. If v is even (and u is odd), let v > 1 be such that
2V || v
i.e. the largest positive integer such that 2" | v. Then
u==+1 (mod?2) e A, =2.

Proof. (Case 1) v = 1: v = 2 (mod 4) so v’ is odd, and 2d'e’ t v'. Hence A,, = 2 by
Proposition 4.5. On the other hand, u is odd so u = £1 (mod 2).

(Case 2) v > 2: 2 || v then 27 || v/ = %. Since v/ = %7}, note that u = +1 (mod

2¥) < one of u+ 1, u — 1 =0 (mod 2¥) < one of v/, v’ +1 =0 (mod 2V~ 1).

(<) If u #Z £1 (mod 2¥), neither v/ nor u’ + 1 is congruent to 0 mod 2*~1.
Since (v',u') and (v/, v’ +1) are mutually prime, we have 21 { (v/, u/) (v, o/ +1).
But since (v/,u')(v/,u +1) | v" and 2V~ | v/, we have 2(¢/,v/)(v/,u' +1) | v" and
thus A, = 1.

(=) Ifu= =41 (mod 2"), one of v/, v/ +1 =0 (mod 2V~ 1). So 2~ | (v/,u/) (v, v/ +1)
and 2V | 2(v/,u)(v';u' +1). But 2” v so 2(v,u/)(v/,u' + 1) t v' and hence
A, =2

Proposition 4.7. If v is even but 8 { v then A, = 2.

Proof. For v =1 or 2 (respectively), odd u should be congruent to +1 (mod 2) or (mod 4)

(respectively). O

Lemma 4.8. Forv > 3,
a>=1 (mod2")ea=+1 (mod?2) ora==+(2""'—-1) (mod?2").

Proof. First, (£1)2 =1 and (£(2""1 —1))2=2%*"2-2"+1=1 (mod 2") since 2v —2 > v
for v > 3. It is known that the unit group mod 2" is isomorphic to the direct product of

two cyclic groups of order 2 and 2V ~2:

(Z/2°2)" ~ (~1) x (5)
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where (—1)2 = 1 and 52" = 1 (mod 2¥). Let a € (Z/2"Z)* such that a®> = 1 (mod 2)

other than +1. We can write a = (—1)*5/ with i =0 or 1 and 1 < j < 272
a?>=1 (mod?2") < 5% =1 (mod?2")
& 272 25
2773

Since 1 < j < 272, j = 273, So we have only four elements +1, :|:52V73, with square = 1

(mod 2¥). 0

Lemma 4.9. If a, b are integers and b is even such that a®> — mb®> = 1 and 2" || b where

v > 2 then a = £1 (mod 2v+1).
Proof. First note that

2| b=a’=1 (mod 2%). (7)
Then by the previous lemma, a = £1 or +(22*7! —1) (mod 2?"). Since v > 2, 2v—1 > v+1
so (2271 —1) = ¥1 (mod 2v*1). O

Proposition 4.10. If e = u + vy/m with v even, then A,, = 2.

Proof. If 8 t v then A,, = 2 by Proposition 4.7. If 2" || v with v > 3 then v = £1 (mod 2")
by Lemma 4.9, hence A,, = 2 by Proposition 4.6. O

Theorem 4.11. If m =2 (mod 4) then A, = 2.
Form =3 (mod 4), A,, =1 < v is odd.

Proof. If m = 2 (mod 4) then 1 = u? — mv? = u? — 2v% (mod 4). Since the only squares
modulo 4 are 0 and 1, the only possibility is v2 = 0 and u? = 1. So v is even. The rest

follows from Proposition 4.4 and Propositon 4.10. O
Theorem 4.12. If m =1 (mod 4) then A,, = 1.

Proof. By Proposition 4.4, we may assume that v is even. Denote ¢ = u + vw = a + by/m
where a = u + % and b = v/2. Then 1 = a? — mb* = a* — b* (mod 4). Since 0,1 are all
squares mod 4, the only possible case is for b> = 0 and a? =1 (mod 4) and so a is odd and
b is even. Now, consider the equation a? — mb?® = 1 (mod 8). The only square mod 8 are

0,1, and 4. Since a is odd, a*> = 1 (mod 8). We have b*> = 0 or 4 (mod 8), and m = 1 or
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m =5 (mod 8). Only possible case is b> =0 (mod 8). We get b =0 (mod 4) and so 8 | v.
Let v > 3 be the integer such that 2” || v. Then 2~! || b, and we get a = 1 (mod 2¥) by
Lemma 4.9. Since 2 {b, u =a —b= 41— 271 # +1 (mod 2¥). Then by Proposition 4.6,
we get A, = 1. O

4.4 Continued Fractions

Now it remains to determine A, for m = 3 (mod 4). It depends on the parity of the
coefficient v of the fundamental unit € = u + vy/m, but it is hard to find a rule to derive the
v in terms of m directly. The most practical way to obtain the fundamental unit is using

the continued fraction expansion of v/m. We will classify the index A,, in this way.

4.4.1 Basic Properties

The basic properties for the continued fractions can be found in [22] and [18]. Let a = ap €
R. We denote by |z] the greatest integer not exceeding = (usually written as [z] also). We

have (finite or infinite) sequences «;’s and a;’s as follows:

a; = |ai)
1 :
ai+1:a~—a»’ 1fa,~§éZ
(2 7

1

with a; € Z, positive when ¢ > 1, and 0 < ai <l,a;=u0a;+ . Then we have

Q41
1
a=ag+——7—
ai
az+
1
an
1
= ag + +—1
ai T
a2+a3+¢
We denote this as o = [ag, a1, ,apn_1,0n] = [ag, a1, a2, --]. If all entries are integers, we

call it as (standard) continued fraction expansion of .

Conversely, for any integral sequence {ap}n>0, an > 0 for n > 1, we can construct
partial continued fractions [ag, a1, - ,a,] and the infinite continued fractions [ag, a1, - -] is
regarded as the limit of the partial continued fractions. It is known that every such sequence

of partial continued fractions is convergent.
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First we can notice that

Remark 4.13. The continued fraction expansion of « is finite if and only if a € Q.

a b
For g € R and a matrix with integer entries, denote

c d
a b ﬁ_aﬁ+b
c d _Cﬁ—i—d
if ¢8+d# 0. Then
a b e f a b e f
B = g
c d g h c d g h

with standard matrix product. Then

(ao 1 a; 1 a, 1

[a07a17"' 7an7x]: x.
1 0 1 0 1 0
We denote
Pn Pn—1 ap 1 ap 1 a, 1
P, = = . (8)
qn  QGn—1 1 0 1 0 1 0
by setting
0 P-1 apg 1
P [P0 Pt
G q-1 1 0
and
Pn+1 Pn Pn  Pn-1 apy1 1 Ap+1Pn + Pn—1 Pn
PnJrl = = = ,
In+1 Gn dn  Gn-1 I 0 Un+1qn + Gn—-1 qn
in other words,
p-1=1, po=ao, Pn=anPn-1+ Pn-2, 9)
-1=0, q@=1, ¢ =anqn-1+ gn-2- (10)
Then
p
l:[aovalf" 70‘71] (11)
An
since
AnpPn—1 + Pn—2 p
[CLO,CLL"' ’an] =P, _1a, = Zntfn—=_ ' fn—s _ IR

AnGn—1 + qn—2 qn .
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Remark 4.14. For any n,

Pndn—1 — GnPn—1 = (_1)n+l (12)
@
Proof. By (8), since det ’ = —1, det P, = (—1)"t1, -
1 0
Fact 4.15. (a) The continued fraction expansion of « is periodic (for some N,r € Z,
ap, = apyp for all n > N, denoted by a = [ag, - ,an;aN+1, 5 AN+r))

<= « is quadratic, i.e. a solution of an irreducible quadratic polynomial.

(b) The continued fraction expansion of « is purely periodic (o = [ag, -, Gr_1))
<= « is reduced quadratic, i.e. a > 0, —1 < ®a < 0, where *a is the quadratic

conjugate of « as usual.
The proof of (a) and (b) will be found in [18] or [22].

Proposition 4.16. If o = [ag, -, ay—1] has a purely periodic continued fraction expansion,

then —+ = [a,—1, -, ao)-

Proof. First, we have —%a >1and -1 < —é <0 from a >1and —1 < %a < 0. So —%a is

also a reduced quadratic number. Since

Pr—1Q+ Pr_2
o= [CLO?ala e >a7'—1704] = PT'—la =——- =
Qr—10 + Qr—2
we have
%"—1042 + (q,«_g — pr—l)Oé —Pr_2 =0
10 + (G2 = o) 0 proy =0
1 1
Gr—1 + (gr—2 — pr— 1) pr_—:(]
1 2
pT2<_“”a> + (@2 = pr1) ( >—Qr 1=0
SO

o (3) 4) () oo () e
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Hence

I
- 8
) =

S
=
—
—
/T\
wn
S|
N~

Therefore

O]

Now we consider the continued fraction expansion of \/m. Let ay = [\/m| then a =

v/m + ag is reduced since @ > 0 and —1 < %o = ag — v/m < 0 . So continued fraction

expansion of « is purely periodic. Since || = 2ag, we have o = [2a9, a1, - ,a,—1] with

the least period r. Then /m = a — ag = [ag; a1, - ,a,—1,2ap]. By Proposition 4.16, we

1 1 ——
have T q _a(]i\/m = [a’l‘—h’ T ,2(10], or,
1 1
— =a,_1 + —
Vm — ag Ar—2 + —
then
1
Vm —ag =
1
P
r—1 + 611"724’i
1
\/m:ao—i—a " T = [ag; ar_1," - ,a1,2ap).
T g T
Comparing with /m = [ap; a1, -+ ,a,_1, 2a0], we have a; = a,_; fori=1,...,r — 1.

Remark 4.17. The continued fraction expansion of \/m is of form

lao; ay, az, - - -, az, a1, 2aq)

T

with reflective symmetry.
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Lemma 4.18. For /m = [ag; a1, - ,ar-1,2a9] and j € N,

mqGjr—1 Pjr—1 Pjr—1  Pjr—2 ap 1

Djr—1 djr—1 djr—1  Qqjr—2 1 0

Proof. We have

\/E: [CL[),CLl,"‘ 7aj7‘717a0+\/m]
= jrfl(a0+\/%)

_ pjr—l(ao + m) +pjr—2
gjr—1(ao + /m) + gjr—2

So vVm(aogqjr—1 + gjr—2 — Pjr—1) = QoPjr—1 + Djr—2 — Mqjr—1, i.e.

mgjr—1 = aoPjr—1 + Pjr—2,

Djr—1 = aoqjr—1 + qjr—2-

Looking at the determinant of the matrix in the previous lemma, we get
2 2 jr—1 j
Pjr—1 —mgj,—y = (=1)""7(=1) = (=1)"".

Remark 4.19. It is known that the integral solution for the Pell’s equation x> —my? = +1
are only these (£pjr—1,%¢qjr—1). Therefore, for m = 2,3 (mod 4), the fundamental unit
e = u+vy/m is given by u = p,_1, v = ¢r—1. Furthermore, N(¢) = (—1)" so N(e) has
norm —1 if and only if r is odd. Since we are considering the fundamental units with norm
+1 only, so we may assume that r is even. If m has a prime divisor p = 3 (mod 4), then

2 —mv? = 4% (mod p), and it never attains the value —1

the norm of fundamental unit is u
since —1 is not a quadratic residue mod p. Hence if m = 3 (mod 4) is not square, then r
should be even, and we have the central element of the symmetry in the period of continued

fraction expansion of \/m:

\/m: [a0§a17a27"' 1a7‘/27"' 7a27a172a0]'

T
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4.4.2 Determination for m =3 (mod 4) case

Lemma 4.20.

v = q871(q8 + q'S72) = q871(a‘8q,971 + 2q872)

mv = ps—l(ps + ps—2) = ps—l(asps—l + 2ps—2)

where s =1r/2.

Proof.
ag 1 a; 1 as—1 1 as 1 as—1 1 a; 1
Pr—l—
1 0 1 0 1 0 1 0 1 0 1 0
1 T
ag 1
= P Py
1 0
-1
ap
:PsPsT—l
1 0

Then by Lemma 4.18,

mgr—1 Pr-1 ap 1
T T _ Pr,1
Pr—1 qr—1 10
-1
a 1 ag 1
= PSPsT—l
1 0 1 0
- PspsT—l

bs DPs—1 Ps—1 4s—1
qs Qs—1 Ps—2 (s—2

ps—l(ps +ps—2) PsQs—1 + Ps—1qs—2

Ds—1qs + Ps—2qs—1  qs—1(qs + qs—2)

Note that v = ¢, 1. O

Theorem 4.21. For m =3 (mod 4) and \/m = [ag; a1, a2, -, ] , then v = ay (mod 2)
where s =1/2. So Ay, =1 if and only if as is odd.
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Proof. By Lemma 4.20, v = asps—1 (mod 2) and v = asqs—1 (mod 2). Since ps—1 and gs—;
are mutually prime by the equation (12), they cannot be both even. One of the congruences

says v = as (mod 2). O

Remark. This theorem also holds for m = 2 (mod 4). Indeed, we know that v is
even. By Lemma 4.20, 0 = v = asqs—1 (mod 2) and 0 = mv = asps—1 (mod 2). Since

(ps—1,9s—1) = 1, we see that as is even.

Example 4.22. (a) 183 = 3-61 = 3 (mod 4) and /183 = [13;1,1,8,1,1,26]. The
period » = 6 and the central element is a3 = 8. By the previous theorem, we get

A1g3 = 2. Using ps, g5, we get € = 487 4 36+/183.

(b) 247 =13-19 =3 (mod 4) and v/247 = [15;1,2,1,1,9,1,9,1,1,2, 1, 30] with period
12. The central element is ag = 1 so Agyr = 1. By the way, ¢ = 85292 + 5427+/247.

(c) Here are classified lists of m = 3 (mod 4), squarefree, < 1000, which is obtained

by calculating continued fraction expansions.

Ap=1:
3, 7,11, 15, 19, 23, 31, 35, 43, 47, 51, 59, 67, 71, 79, 83, 87, 91, 103, 107, 115, 119,
123, 127, 131, 139, 143, 151, 159, 163, 167, 179, 187, 191, 195, 199, 211, 215, 219, 223,
227, 231, 235, 239, 247, 251, 255, 263, 267, 271, 283, 287, 291, 303, 307, 311, 319, 323,
331, 335, 339, 347, 359, 367, 379, 383, 391, 399, 403, 411, 415, 419, 427, 431, 435, 439,
443, 447, 451, 455, 463, 467, 479, 483, 487, 491, 499, 503, 511, 515, 519, 523, 527, 535,
547, 551, 555, 563, 571, 587, 591, 595, 599, 607, 611, 615, 619, 623, 627, 631, 635, 643,
647, 659, 671, 679, 683, 691, 699, 703, 707, 715, 719, 723, 727, 731, 739, 743, 51, T67,
771, 779, 787, 795, 799, 803, 807, 811, 815, 823, 827, 835, 839, 843, 851, 859, 863, 871,
879, 883, 887, 899, 907, 911, 919, 923, 935, 947, 951, 959, 967, 971, 983, 991

Ay, =2
39, 55, 95, 111, 155, 183, 203, 259, 295, 299, 327, 355, 371, 395, 407, 471, 543, 559,
579, 583, 651, 655, 663, 667, 687, 695, 755, 759, 763, 791, 831, 895, 903, 915, 939, 943,
955, 979, 987, 995
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4.4.3 ERD-type

For some type of numbers, Mollin determined in [10] the full entry of continued fraction

expansions of their square roots. So we can see A,, immediately for those numbers.

Definition 4.23. A positive integer m is said to be of Extended-Richaud-Degert-type
(ERD-type) if it is written in the form m = b + s where s | 4b.

Theorem 4.24 (R.Mollin). If m is of ERD-type,

(a) b=ao=[yvm],
s|2b:>ar/2:2—b

s

a,py =2 if bis odd

5120 = N
ar/zzg—l if bis even
(b)b:ao—Fl,
ol 2b— arjp=—2 -2 ifs#—b—2b
ar/2:2 lfS:—b
Fob ar/gzg—l if b is even
s =
app=—2—2 ifbisodd
13 ar/2:%—1 if b is even
s=— —

apjp =4 if bis odd
4.5 Some special case of m =3 (mod 4)

The case m = 3 (mod 4) is fully determined in terms of continued fractions. We have
another description of A,, depending on the decomposition for certain numbers as follows.

For the fundamental unit € = u 4+ v4/m, note that

uis even < visodd (& A, =1) (13)

2 — mv? = 1 modulo 4.

by seeing the equation u
Proposition 4.25. If m = p an odd prime =3 (mod 4), then A, = 1.
Proof. Trivial. u? — pv?2 =1 so u?> =1 (mod p) then u = +1 (mod p). u is even. O

Proposition 4.26. Suppose that for any proper decomposition of m = myms (mi,ms # 1),

the Jacobi symbol (%) =—1. Then A,, = 1.
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Remark. We have (m) = (m) since one of them =1 (mod 4).

ma mi

Proof. Assume that A, = 2, that is, v is even and u is odd. Let v = v/2. From u?—4muv? =
1, we get (u—1)(u+1) = 4mv". Let v’ = (u—1)/2 € Z then v/(v’ + 1) = mv'2. Since /
and u/+1 are mutually prime, we set v’ = mlv%, w41 = mg’l)% where mimgy = m (mutually

prime) and vivy = v' (mutually prime). We get

myvi + 1 = mauvs. (14)

We claim mi,ms # 1. Indeed, suppose m; = 1. We have v% +1= mv% SO v% +v; = —

(mod 4), which is impossible. And suppose mg = 1. We have mv% +1= v% SO v% —mv? = 1.
This is a contradiction since (u,v) is the smallest positive solution of 22 — mgy? = 1 and
v1 < v. Hence my,mg # 1. Now consider the equation (14) modulo m;. We have 1 = mov3
(mod my). Since mq, mg are mutually prime, we can deduce that the inverse of mgy mod
mq is a quadratic residue mod mi, and equivalently, ms is a quadratic residue mod m;.
The Jacobi symbol (%) = (m) = —1 means mo is a quadratic nonresidue mod m;, and

mi

this completes the proof. O

Example 4.27. 231 =3-7-11 =3 (mod 4) and for all decomposition,
7-11\  [/3-11\  [3-T\ _ 4
3 ) L7 ) (1)

Corollary 4.28. If m = pg = 3 (mod 4) where p,q are odd primes such that (%) = -1,

SO A231 =1.

then A, = 1.

Proposition 4.29. For m = pq = 3 (mod 4) where p,q are odd primes and <§) =1, if
p,q Z1 (mod 8), then A, = 2.

Proof. Let p =1 (mod 4) and ¢ = 3 (mod 4). Assume that (%) =1and p# 1 (mod 8)
(i.e. p=5 (mod 8) ) but A, =1 (u is even and v is odd). From u? — pgv? = 1, we get
(u—1)(u+1) = pqu?. Since u is even, (u — 1,u + 1) = 1. We have four possible cases for

the decomposition v = v1v9;

(1) u—1=v} u+1=pqul.

(2) u—1=pvd u+1=quvs.
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(3) u—1=qv?, u+1=pvi.
(4) u—1=pqu?, u+1=03

For each case, we have (1) pqvs = v? + 2, (2) qu3 = pv} + 2, (3) pv3 = qv? + 2, and (4)

v2 = pqu? + 2. Consider these modulo p, we have (1) —2, (2) 2¢ %, (3) —2¢~ ! and (4) 2 are

1

quadratic residues mod p, where ¢~ represents inverse of ¢ mod p. All cases are impossible.

. 7\ _ ' _ . _ =1\ _ 2\ — _
Indeed, since (p) =1, ( 5 ) = 1. And since p = 5 (mod 8), (p) =1 and (p) = —1.
2q~1

it () = (3] = (2) = () - m

4.6 Parity Problem

Here we give more general and equivalent condition for A,, = 1 when m = 3 (mod 4).
A,, depends on the parity of the coefficient of the fundamental unit ¢ = u 4+ vy/m. For
convenience, we will use a new notation Ir(a+by/m) = b the coefficient of the irrational part
of quadratic number a + by/m € Q(y/m). Ir(a) € Z or 3Z if a € Ok, and it is an integer
if m = 2,3 (mod 4). We can see some similarity between the determination of parity of
Ir(e) where m = 3 (mod 4), and the determination of sign of N(¢) where m # 3 (mod 4)
has no prime factor = 3 (mod 4). (We exclude the case m = 2 (mod 4) for determining
parity of Ir(e) since it is even only, and we exclude the case that there exists p | m with
p =3 (mod 4) for determining sign of N(e) since N(e) should be +1 because —1 is not a
quadratic residue modulo p.) If N(g) = 1, then all units are of norm 1, while if N(g) = —1,
then the units that are odd powers of € times (£1) have norm —1 and the units that are
even powers of ¢ times (+1) have norm +1. Likewise, if Ir(e) is even, then all units have
even Ir, but if Ir(e) is odd, then units that are odd powers of ¢ times (£1) have odd Ir and
units that are even powers of € times (41) have even Ir. This property enables us to obtain
conditions that determine the parity of Ir(e); these conditions are analogous to those that

determine the sign of N(e).

4.6.1 A Result Inspired by Trotter’s Theorem

First we have a connection with a certain Diophantine Equation. H.F. Trotter proved the

following theorem in [25].

Theorem 4.30 (Trotter). Let m be square free with no prime factor = 3 (mod 4) and let
K = Q(y/m) and € be the fundamental unit of Ok . Then the followings are equivalent:
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(a) N(e) =—1.
(b) The ideal [d,/m] is not principal for 1 <d <m, d|m.

(¢) |da? — By?| =4 has no integer solutions for 1 < |d| <m, d | m.

With some modification, we can prove an analogy of this theorem: We write the pair
(a,b) for the quadratic integer a + by/m and (a,b) does not denote the greatest common
divisor in this section. First, we will introduce a new equivalent relation of O = [1,/m)].

For a; + b1y/m and ag + bey/m € Ok, define

a1 + biv/m ~g as + bay/m

if ay = a2 (mod 2) and b; = by (mod 2). We obtain four equivalent classes (0,0), (0,1),
(1,0), (1,1) in Og. We write T as residue class of x mod 2 and we may omit the bar for 0
and 1. For a + b\/m, we can write (a,b) = (@, b) as the class of a + by/m and call a + by/m
is of type (a,b). Denote by V' the set of such classes. We have induced ring operators

(a,b) + (¢,d) = (a+b,c+d),
(a,b)(c,d) = (ac + bd, ad + bc)

a b
since m is odd. Then we can identify (a, b) with an element of the ring Moy 2(Z/27Z)
b a

of the 2 x 2 matrices over Z/2Z with the standard matrix operations. Therefore the set of

classes V forms a ring. Denote the elements

00 10
0=(0,0) = . I=(1,0)= :
00 01
01 11
§=(0,1) = . y=(1L1) =
10 1 1

The multiplicative rule is;
(a) commutative.
(b) 2zl =x and 20 =0 for all z € V.

(c) 62=1,4%=0, and 6y = .
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Now we look at unit elements of Ox. We have Ux = Oj = {£1} x (¢). If v is even,
e € (1,0) = I and €™ € I so all units are of type (1,0). If v is odd, € € (0,1) = 0 so odd
power of € is in d = (0, 1) and even power of ¢ is in I = (1,0). In this case, (1,0)-type units

are in +(Ug ).

Theorem 4.31. Let m = 3 (mod 4) squarefree and ¢ = u-+v+/m with N(e) = 1. Followings

are equivalent:
(a) vis odd. (& A, =1.)
(b) The ideal [d,/m] of Ok is not principal for 1 <d <m, d | m.

(c) |dz* — By?| =1 has no integer solutions for 1 < |d| < m, d | m.

Proof. (b) < (c): For each prime integer p | m, the prime ideal p = [p, \/m] ramifies; p = p?,
% = p, and N(p) = p. Actually, p is the unique ideal with norm p. For d | m, there exists
the unique ideal [d,/m] of norm |d|, which is principal if and only if there exists a € Ok
with N(a) = £d. Now, there exists a = a + by/m with N(a) = a®> — mb? = +d if and only
if
la? — mb?| = |d| (15)

has an integer solution. For any solution (x,y) of equation of (c), a = dz and b = y gives
solution of (15). For any solution (a,b) of (15), since d | m and m is squarefree, d | a, and
if we put x = a/d, y = b then (z,y) is a solution of equation in (c).

(a) = (b): Suppose d | m and [d,v/m] = («) is principal. Since °[d,\/m] = [d,/m],
*a = na for some unit n. Write a = a 4+ by/m and n = r + sy/m then a # b (mod 2) and
n is of type (0,1). Indeed, since /m € [d,/m] = («), there exists 3 = ¢+ dy/m such that
af = /m. As the class of the relation ~q, (a,b)(c,d) = (0,1) = 6. Then (a,b) # 0,7
by the multiplicity rule of V. So a # b (mod 2). On the other hand, from an = “a,
(a,b)(r,s) = (a,b). Since (a,b) =1 or 4, (r,s) = I, i.e. nis of type (1,0). Suppose v is odd.
Then n € +(Uk)? so n = +u? for some unit g. Then +d = *aa = +pa? so |d| is a perfect
square in Og. Hence |d| =1 or m.

(b) = (a): Suppose the fundamental unit € is of type (1,0). Since N(e) = +1, by
Hilbert 90, ¢ = a/®« for some o« € Ox. We may assume « and “a have no common
factor. We have ®ac = « so the ideal *(a)) = («). Then («) = (I) [[[psi, vm] where | € Z

whose prime divisors are primes inert in Ok, and p; | m. Then [ | a and [ | *« so by the
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assumption of no common factor, we have (a) = [[[ps, v/m] for some p; | m. It can be
written as () = [d,/m] for some d | m. If d =1 or m, then (o) = Ok or (y/m), so a =17

or ny/m for some unit 1. Then ¢ = £n?. Indeed, ¢ = a/%a = n/*n = n? since “nm = 1, or

e=a/a= _Zﬁm = —n?. This contradicts the fact that ¢ is the fundamental unit. Hence
d is a proper divisor of m. ]

Remark. Propositions 4.25 and 4.26 are direct corollaries to this theorem.

An equivalent result was proved by R. Mollin independently in [8] starting from a dif-
ferent point of view. We emphasize here the similarity between the criterion for N(e) to
be equal to —1 and the one for Ir(e) to be congruent to 1 mod 2, while Mollin gives the

concrete solutions of the Diophantine equation in terms of the continued fraction expansion

of /m.

Theorem 4.32 (Mollin). Suppose that D > 1 is not a perfect square and r, the least

period of continued fraction expansion of /D, is even. Then the following are equivalent.
(a) The central quotient a, o in the simple continued fraction expansion of vV D is even
(b) There exists a factorization D = ab with 1 < a < b such that the equation ax?® —

by? = +1 has an integer solution.

(c) There does not exist a factorization D = ab with 1 < a < b such that the equation

ax® — by? = £2 has an integer solution with xy odd.

Remark. The fandamental solution for the equation in (b) is that a = e, /5, b = m/a, v =
Prj2—1/a, and y = g, /o_1, where e, is the integer such that oy, is written as (¢, ++/m)/em.

Mollin also gives a criterion to be N(g) = —1 in [8].

Theorem 4.33 (Mollin). Let D > 2, not a perfect square. Then r, the least period of
continued fraction expansion of \/m, is even (< N(e) = +1) if and only if one of the

following holds.

(a) There exists a factorization D = ab with 1 < a < b such that equation
2 2 _ - —
ar® — by =+1 with (z,y) =1

has an integral solution.

31



(b) There exists a factorization D = ab with 1 < a < b such that equation
az? —by? = +2
has an integral solution where xy is odd.

Remark 4.34. It is known that (a) and (b) in the previous theorem can not hold simul-
taneously. Hence, for m = 3 (mod 4), v is odd if and only if there exists a factorization

D = ab with 1 < a < b such that axz? — by? = 42 has an integral solution with zy odd.

4.6.2 An Open Problem about Class Numbers of Real Quadratic Fields

Another criterion for condition N(g) = —1 is related to the class number of K = Q(y/m).
In [9], the condition equivalent to N(g) = —1 for K = Q(y/m), m > 0 has been founded:

Theorem 4.35 (Gauss). Let h be the ideal class number of K. Then 272 | h, where t is
the number of ramified prime ideals of Ok . Moreover, 2= | h iff N(g) = —1.

But the proof in [9] does not seemed to use properties similar to the one of odd Ir case.
One possibility is using Nguyen-Quang-do Thong’s theorem, which was used to prove the

Theorem 4.35 in [23].

Theorem 4.36 (Nguyen-Quang-do Thong). We have an exact sequence of groups
UV — R — Hppy — 1
K reg

where U[((l) is the set of unit elements of norm 1 in the ring of integer, R is the group whose
elements are ramified prime ideals where the operation is symmetric difference of sets, and
Hyey is subgroup of regqular classes in the ideal class group, where the regqular class is a class

containing a G-invariant ideal.

The condition for N(g) = —1 with m # 3 (mod 4) and the one for odd Ir(¢) with m =3
(mod 4) are similar, and in the same vein, we hope to find some analogy of Theorem 4.36,
and of Theorem 4.35, using an exact sequence starting from U I(gven) (the set of unit elements

with even Ir).
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5 Structure of M,./P. and Ramification Theory

5.1 Ramification Theory

The vanishing of 0-cohomology is related to the existence of integral normal basis (INB)
and the ramification theory. Let K /k be a finite Galois extension of number fields with the
Galois group G. A ramified prime ideal p in Oy is called tamely ramified if p { e, where
p=ZNp and ey is the ramification index of p in K /k. We call the extension K/k tamely
ramified if every prime ideal p in Oy is tamely ramified. If a prime ideal or an extension is
not tamely ramified, then it is called wildly ramified.

As we see below, a Galois extension K /k is tamely ramified if and only if H %G, 0K) =0.
Both of these follow from the existence of an INB.

Denote by Oj the fractional ideal {z € K | Tx/,(zOk) C O}. The different is defined
as the fractional ideal (O})~!, which is an ideal in O and denoted by D -

Let Kq/kp be a Galois extension of local fields. Let G = Gal(Ky/ky) and denote by
Og and O, the ring of integers in Ky and ky, respectively. There is the unique prime ideal
in the ring of integers: ‘B in Og, and p in Op. The ramification index e is the integer

satisfying p = B¢ in Op. Let G_1 = G and set a sequence of subgroups of G
Gi={se€G|*%¢=¢ (mod ) for all nonzero ¢ € Og}.

Then we have
G=G_1D0GyD---DG;D---
Let t = vq(Dgy k,) the index of P in Dy s, that is, Dgym, = ' In [17], Ono

showed that

Theorem 5.1 (T. Ono, Local Case). Let Kq/ky be a Galois extension. The followings

are equivalent, each of which follows from the existence of INB:

(8) Ku/kp is tamely ramified.
(b) pte.

(©) B Dreg sy -

(d) t=e—1.

(&) [Gi| =1 fori > 1.
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(f) H(G,Op) =0.
(8) Ty, (Op) = Op.
Now let K/k be a Galois extension. For every prime ideal p in Oy and for P lying

above p, we have the extension of completions Kq/ky, and we may define ¢, and G;, for

this extension as above.

Theorem 5.2 (T. Ono, Global Case). Let K/k be a Galois extension. The followings

are equivalent, each of which follows from the existence of INB:
a) K/k is tamely ramified.
b) p1ep for all prime p.

c) Pl Dy i for all prime ideal p of O and P | p.

(
(
(
(d) ty = ey — 1 for all prime ideal p of O.
(e) |Gipl =1 fori>1.

(f) HY(G,0k) = 0.

(

8) Tr/k(Ok) = Ok.

5.2 Local Case

In [16], T. Ono gave complete determination of M./P. for the Galois extension of local
fields Kg/kyp. We use the notations in the previous section. We fix a prime element II in
K. Denote by Ug and Uy, the unit group of the ring of integers Og and O, respectively.

First, we know that

Proposition 5.3 (T. Ono). The cohomology group H'(G,Usg) is cyclic of order e gener-

ated by VK ke » where Vg [y U the class of the cocycle s — zg such that °II = Ilzs.

For a cohomology class v = 7%;; Sk and a cocycle ¢ in the class v, We can construct

H %(@, Og) = M./ P. as usual. The structure of M./P. is given by the following theorem.

Theorem 5.4 (T. Ono). (a) If Kq/ky is unramified, then H'(G,Ug) = 1 and M./ P
18 trivial.

(b) If Kgp/kp is tamely ramified, then |M./P.| =1 for all v € HY(G, Ug).
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(c) If Ky/ky is wildly ramified, then |M./P.| =1 if and only if vy # 1 and e <t+m <
2e.

The proof can be found in [16].

5.3 Vanishing of M./P.

By (b) of Theorem 5.4, if a Galois extension of local fields Kq/ky is tamely ramified, then
M,/ P. = H%(G, Og), = 0 for all y € H'(G, 0).

In the global case, this statement is not proved yet. The quadratic extension over Q
satisfies this property. For the quadratic field K = Q(y/m), m = 1 (mod 4) if and only if
Ok has an INB over Q and K/Q is tamely ramified. We have H%(G, Ok)y = M./P. =0
for all v € HY(G,0%) for m = 1 (mod 4). Furthermore, it is very interesting if we can
give some level of wild ramification: For m = 2 (mod 4), ﬁO(G, Ok )y # 0 for all 4. For
m =3 (mod 4), there exists v such that H(G, Ok)y =0onlyif m=—1or, m >0 and v
is odd where € = u + vw is the fundamental unit of Ox. We may hope that this suggests a

classification of wildly ramified extensions in terms of M./P, for general K/k.
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6 Use of Hilbert’s Theorem 90

It is very important to determine M./ P, for general Galois number field extension K/k, or

even generalize the object M. /P, itself.

6.1 For General Number Fields

There are many open problems for determining the twisted cohomology M./ P, for a given
Galois number field extension K/k, taking R = Og. The module M./P, is defined from
the first cohomology of unit group. To determine the module thoroughly, it is important to
have the concrete structure of the first cohomology group. Unfortunately, H!(G, O5) has
not been determined yet for many number fields. If we use Hilbert 90, we may reduce the

calculation for determining M./ P, for general K/k.

Theorem 6.1 (Hilbert’s Theorem 90). Let K/k be a Galois extension of fields and G
its Galois group. Then
(a) HY(G,K*) =1,
i.e. any I-cocycle c € ZY (G, K*), there is a € K* such that cs = % (or, cs = <) for
all s € G.
(b) HY(G,GL,(K)) =1 for alln € N,
i.e. for any c € ZY(G,GL,(K)), there is U € GL,(K) such that cs = U~ *U for all
seq.

Remark 6.2. Since

ia S,
= — S cs’a=a
sa ’

we have M. = {a | a satisfies Hilbert 90 for ¢}, if we consider the ring R = K as initial
setting. The proof of Hilbert 90 shows the existence of nonzero element of form p.(z) =
Y scq Cs °x for some x € K*. Since the 1-cohomology on K™ is trivial, M./P. = k/ Tr(K),

which is also trivial.

Let ¢ € Z1(G,0%) then ¢; € OF C K* so we may regard ¢ € Z'(G, K*). By Hilbert

90, there exists £ € K* such that ¢5 = % for all s € G. We may assume & € OF. Indeed,

there exists b € O such that b € O, so % = be§ = % Now, a € M. & ¢s% =

aVs & %ésa =aVs & %a) = €a Vs & &a € Oy, NEOK. Hence EM, = O N EOk.

36



t
For z € Ok, pe(z) = Y et = > iea %tx = %ZteG fex) = %TK/k(fx), the trace. So
§P. = Tk,(§OK). Hence

M./ P. = (Or N EO0K) /T i(§Ok ). (16)

Remark 6.3. This formula might give easier method to compute M./P.. Assume that Oy
is UFD (also PID), and we have an integral basis {w1,...,wn} of O over O. O NEOK
and T /(O ) are principal ideals in Oy. If £ = Yo biw;, bi € O, then we have

Nig/i(€)/d" 1 € O, NEOK

where d = ged(by,...,b,) € O since /d € Ok, 51_[57&1 %€/d = NK/k(ﬁ)/d”_l. Also, we

a; € Ok}

We can generalize M./ P. as (OxN{Ok) /Tg /(O ) for general §(# 0) € Of. Now gen-
eralized M./ Pe, (O NEOKk)/Tk (0K ) may not be restricted by a cocycle ¢ € ZY G, Ok)
if %¢/¢ ¢ Of. But we notice that arbitrary £ may not guarantee Ty /4 (£O0k) C O NEOK:

have

Tk /k(§0K) = {TK/k (5 Z awz’)
=1

= gcd(ﬁwl, e ,gwn)Ok.

a; € Ok} = {Z%Tx/k(ﬁwi)

=1

Example 6.4. For K/k = Q(v/m)/Q, m = 2,3 (mod 4), let £ = 1+ /m. Then
0k ={(1+Vm)(@+yvm) |2,y € Z} = {(z +ym) + (z +y)Vm | =,y € Z}.
Then we have
TiQ(€0K) = {2(x +ym) | z,y € Z} = 2(1,m)Z = 2Z

and

ZNEOg ={x+ym|z+y=0}=(1—m)Z.

If m # 2,3, -1, then Tx,q({0k) € ZNEOK.

Remark 6.5. We may generalize M./ P, further: We see (O as a principal ideal in Ok,
then we may generalize M./P. to (Ox N a)/Tk/,(a) for an ideal a in Ok. Also, it is not
true that T/ (a) C O Na for all ideals a. Note that O Na and Tk ,(a) are ideals in Ok.
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6.2 Quadratic Field Case

Let K = Q(y/m), m squarefree. Denote by T' = T /q the trace and N = N /q the norm.
Let a be an ideal in Ok such that T(a) C Z N a. We have equivalently T'(a) C a or *a C a,
since for all & € a, a+ *a € aie. *a € a. It follows that a = a [ p; for some a € Z where p;
are all those prime ideal dividing the discriminant d,q (i.e. % = p) and dividing a. Then
we have Z Na = c¢Z where ¢ = a[[pi, pi | dx/q and p; | ZNa. Now denote T'(a) = eZ.
By assumption, eZ C ¢Z, or ¢ | e. Since 2¢ = 2a][[;p; = T(a[],;pi) € T(a) = eZ, we have
2¢Z C eZ, or ¢ | e | 2c. Hence we have [ZNa : T(a)] =1 or 2 for this general case also.
Determining this index for ideals a in a general and concrete way is still an open problem.

Now, we consider (Z NEOk)/T(£Ok) for nonzero & € Ok.

T(OK) CZNEOK & T(E0K) C {0k = €| T(E0Kk) in Ok
< £ E8+ *(€P) for all B € Ok
S| ¢ lorall e O & & %

& 2 € Ok

£
This *¢/¢ defines a cocycle ¢ € ZH(G,OF) by ¢ = %¢/€. Hence, (ZNEOk)/T(EOk) does
not generalize M./ P, for a cocycle c¢. Yet this gives a new computing method to determine
M./ P.. The condition ¢; = *¢/¢ is equivalent to ey = ¢, or ¢ %(°¢) = %, in other words,
%€ € M,.. For given cocycle ¢, we may choose nonzero { € Ok as ¢ € P., say, take
€ = pe(a) = Sa+ “ca for some a(# 0) € Og.
By Remark 6.3,

T(£0k) = (T(£), T(Ew))Z. (17)

Furthermore, we have

ZNEOK = N(€)/dZ (18)

where d = (a,b) with £ = a + bw. Indeed, for a = z + yw € Ok,
a = (ax — byN(w)) + (bx + (a + bT (w))y)w
so we have

ZNEOkg ={ax —byN(w) | z,y € Z, bx + (a+ bT(w))y = 0}.
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First note that
ZN&Ok C (a,bN(w))Z = {ax — byN (w) | x,y € Z} (19)

We have bx + (a + bT'(w))y = 0 if and only if z = %T(w)j, y = —%j for j € Z where
d= (a+bT(w),b) = (a,b). Hence we have

ar — byN(w) = % (a(a+bT(w)) +*N(w)) = Nc(f)j.

Also for &€ = a + bw, we have T(§) = 2a + bT'(w) and T(éw) = T'(aw + bw?) = T(aw +
b(wT'(w) = N(w)) = =2bN(w) + (a + bT'(w))T'(w).

Assume m = 2,3 (mod 4). Then T(€) = 2a and T(fw) = —2bN(w) = 2bm so
(T(€), T(Ew)) = 2(a,bm). By (19), 2(a,bm)Z C ZNEOk C (a,bm)Z. Note that |M./P.| = 2
if and only if (a,bm) € Z N €Ok = N(€)/dZ.

For ¢ = ¢, we take £ = *p.(v/m) = —/m+ *e/m = —vm+ (u—1)y/m, that is, a = —vm
and b = u — 1. We have N (&) = v®>m? — (u — 1)?>m = 2m(u — 1), and d = (u — 1,vm) We

have
IM,/P.| =2 < (a,bm) € ZNEOK = N(€)/dZ
< N(§) | d(a,bm)
& 2m(u—1) | (u—1,0m)(—vm, (u— 1)m) = m(u— 1,vm)(v,u — 1)
& 2u—1) | ((u—1)(v,u—1),om(v,u — 1))
& 2u—1) | (u—1)(v,u—1) and 2(u — 1) | vm(v,u — 1)

< 2| (v,u—1) < viseven

since 2 |v< 2| u—1, and if v and u — 1 are even, 2(u — 1) | vm(v,u — 1). Indeed, since

u? — 1 = mv?, we have
u+l w—1 <v)2
2 2 \2/ 7
Note that ”TH and ”T_l are mutually prime, so we have “T_l = myv? and “TH = mov3 where

m = mymg with (mi,m2) = 1, and v/2 = vjvy with (v,v2) = 1. We have that v; is a
common divisor of v/2 and (u — 1)/2, so we have (u — 1)/2 | myv1(v/2, (u — 1)/2) hence
2(u—1) | mv(v,u — 1). This gives another proof of Theorem 4.11.

Remark. For m =1 (mod 4), this method does not give an easy proof of Theorem 4.12.
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6.3 Integral matrix over quadratic fields

We can generalize the problem in the other direction. For the same Galois extension K/k,
we may take as R the ring M, x,(Ok), the ring of n x n matrices with entries in Ok,
as suggested in Ono’s lecture [17]. The group of units is now R* = GL,(Ok). Let the
Galois group G = Gal(K/k) act on R from the left. For v = [c] € HY(G,GL2(Ok)), we
can associate the module M./P, as before. Some of previous arguments from Chapter 4
are applied for this case: first determine the cohomology set H'(G,GL,(Ok)), then for
given cohomology class v = [¢], determine the module M./P,.. Even for the quadratic field
K = Q(y/m) over Q and n = 2, the cohomology set H(G,GL2(Of)) is not determined
completely.

For a Galois extension K/k, with Galois group G, we have the exact sequence of G-
groups:

1 — SL,(Ok) — GL,(0k) <% 0% — 1.

This induces the long exact sequence of pointed sets:
1 — SL,(Of) — GLp(Ok) — O
— HY(G,SL,(0k)) — HY(G, GL,(0F)) — HY (G, 0}).

For the case K = Q(y/m) and n = 2, we have some results on determining H'(G, SLy(Of))
for G = Gal(K/Q) in Chapter 7. However, the exact sequence does not fully determine
HY(G,GLy(Ok)).

As in Section 6.1, applying Hilbert’s theorem 90, we can find a nonzero § € My, x,(Ok)

such that
M/ Pe = (Mpxn(Ok) N EMnxn(Ok)) /T /i (§Mpxn(Ok)).- (20)
Indeed, If ¢ is a cocycle in GL,(Ofk), then it can be considered as a cocycle in GL,(K)
since ¢ : G — GL,(Ofk) C GL,(K). By Hilbert 90, there exists £ € GL,(K) such that
cs = £71%. We may assume that & € M,«,(O) by taking d¢ where d € O}, which makes
dx € O for all entries x of &, since (d€)~!%(d¢) = ¢~ %. We have
Ae M. c;°A=A forallse G
SEIA=A forallse G
& (EA)=¢€A forallse G

= fA < Mnxn(Ok) N gMTLXTL(OK)
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and

e(B)=€> e®B=¢> ¢1%¢°B

seG seG

=>_¢B)

seG

= Tg/i(€B)

Hence M./ Pe & (Myxn(Or) N EMyxn(Ok)) /T /i (§Mnxn(Ok)). This would make calcula-

tions easier for certain &.
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7 On Galois Cohomology of SLy(Ok) for K = Q(y/m)

7.1 Cocycles

Let K = Q(y/m) be a quadratic number field with Galois group G = Gal(K/Q) = (s) of
order 2. G acts on Ok; %(a+by/m) = (a —by/m) and also acts on SLa(Ok) entrywise. For
a =a+by/m € O, we denote Ra(a) = a the rational part and Ir(«) = b the coefficient of
irrational part. Ra(a) and Ir(«) are either integers or half of integers if m = 1 (mod 4). We
can write Og = [1,w] where w = (1 + y/m) or \/m for m =1 (mod 4) or = 2,3 (mod 4),
respectively. The set of cocycles is Z1(G, SLa(Ok)) = {A € SLao(Ok) | *A = A7'}. Note
that Z'(G, SL2(Ok)) is not a group. We have

Z1(G,SLy(0k)) = { ( “ b\/m) a € Ok, byc€Z and N(a) — mbc = 1} (21

c/m o
Ty r %y wo -y
Indeed, let A = € SLy(Ok) such that %4 = A~! ie. = .
z w Sz w -z
Then *z = w, % = —y, and ®2 = —z which implies y and z are of form j /m for some

integer j. Now, for two elements A and A’ in Z}(G,SLe(Ok)), A’ ~ A is defined as A’ =
C~1AC for some C € SLy(Ok). ~ is an equivalence relation and we get the cohomology

set HY(G,SLy(Ok)) = ZYG,SLay(0Ok))/ ~. Our aim is to identify H'(G,SL2(Of)) for

K = Q(yim).

7.2 Basic Equivalence Rules

For A € Z1(G,SL2(Ok)), denote by [A] the class of A in H'(G,SL2(Ok)).

Proposition 7.1. Let C € SLy(Ok) and A € Z'(G,SLa(Of)) then C~1AC € Z1(G,SLy(Ok)).

Proof. S(*C~1AC) = (C~1)3A5°C = (}0) 1 A~1C = (C~1AC)~L. O

Proposition 7.2 (Power Rule). For A € Z'(G,SLy(Ok)), A ~ A7 and A2 ~ I. In
general, A%t ~ A and A% ~ I for j € Z.

Proof. For integers i and j, (A%) 71 AT (A?) = (A)7LAI(SA) = ATTATA—T = AT—2 O
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Proposition 7.3 (Transpose Rule). For A € Z1(G,SLy(0k)), A ~ AT, the transpose
of A.

0 1 a  bym
Proof. Let C = € SLy(Ok) and A = e Z1(G,SLy(Ok)).
-1 0 c/m o
CO-lA50 — 0 —1 a  bym 0 1 _ ‘. —c/m _ (AT)_l
1 0 cy/m  a -1 0 —by/m a
so A~ (AT)_l. Combining with Proposition 7.2, we get A ~ AT, O

1 0
Take C = for any x € O. Then
St 1

AT S R
% 1 cv/m o x 1

a+ zbym byv/m
cv/m — ra+ xfa — x%rby/m o — rby/m

_ ( a+ zby/m by/m )
(c+2Ir(xa) — N(z)b)y/m *a— *zby/m

For the cocycles with b # 0, the (2,1)- and the (2,2)-components are determined uniquely

by a and b. So we may consider the (1,1)- and the (1,2)-components only and denote
a  bym
A( i )

a  bym

We have proved:

Proposition 7.4 (Reduction Rule). For € ZYG,SL2(Ok)) with b # 0,

we have

o  bym a+abym bym

~

for any x € Ok.
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Remark 7.5. In [26], Vaserstein showed that if K is real quadratic, then the group SL2(Ok)

is generated by the matrices

1 =z 1 0
, for z,y € Ok.
0 1 y 1

This is equivalent to that the group SLa(Of) is generated by the matrices

1 «x 0 -1
, for x € O,
0 1 1 0

which derive the above three rules. Hence we have that the above rules define every coho-

mologous relation for the real quadratic field.

a  bym
cy/m S

o ) ()
eym  a eym (o))
o ) (0 2)
ey a eym (o))

B3 0
Proof. If N() =1, take C = B ) € SL2(Ok). Then

Proposition 7.6. Let A = ( ) € ZY(G,SLy(Ok)) and B be a unit.

(a) If N(B) =1,

(b) If N(B) = -1,

0 B
-4 — 6 0 a  bym 6 0 _ aB?  bym .
0 8) \evim o ) \o 8] \evm a?)

If N(B) = —1, take C' = (Sﬁ 0 ) € SL2(Ok). Then

0 —p

o450 — -6 0 a bym\ (B 0 _ —aB? —bym .
0 ) \evm o ) \o —u) T \evm —om)
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7.3 Unit components

Define U(y/m) as the subset of Z!(G, SLy(O},)) containing all elements with (norm 1) unit
diagonals (and zero(s) for other component). In this section, we will count cohomology
representatives in U(y/m). Denote by u,, the number of representatives in U(y/m). By

Proposition 7.3, we may assume the the (2,1)-component is zero and

uvmy =4 | bym a €0k, beZ,N(a)=1

0 ‘a
Proposition 7.7. Let a € Ok with norm 1.

a bym a

0
(a) If m =1 (mod 4), ~ for all b € Z so there is only one
0 ‘«a 0 “‘«
class representative for given .

a bym a (2j4+b)ym
(b) If m = 2,3 (mod 4), for all b € Z, vm ~ (2 +b)ym for any
0 ‘« 0 ‘o
. a 0 a m
integer j. So there are two possible class representatives, and ,
‘o 0 ‘o
m
which are not equivalent. Moreover, the matriz of form 1 not equivalent
0 ‘a
to matrices of form for all B with norm 1.
S
a bym )
Proof. Let A = . Denote o = aj + asw where aj,a2 € Z. Since N(a) = 1,
0 “a
(a1,a2) = 1. For any integer j, we have x1,z9 € Z such that asx; — ajze = j. Set
x
T =121+ zow and C = . Then
0 1
1 —z a bym 1 %
CAC = vim
0 1 0 ‘a 0 1
a ot — ‘ar+bym
= .
a (2Ir(a®z)+b)y/m
= N
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Now,

a’r = (a1 + aw)(x1 + 22 W)

= a171 + a2x1w + a1x2 ‘w + asxa N (w)

a1xo + agxgl_Tm + ayxe + (agr1 — agw2)w ifm=1 (mod4)
ajry — agrom + (agxry — a1x2)/m ifm=2,3 (mod 4),
SO
agx1 — a1T3) = J ifm=1 (mod 4
2Ir(a’r) = (a1 122) = J ( )
2(agxy — ayxe) = 2j ifm=2,3 (mod 4).
Hence we have
|+ b)/m
CtAC = [b)ym ifm=1 (mod4)
‘o
and
a (27+b)ym
CtAC = (2 +0)v/m ifm=2,3 (mod 4).
‘o
0 « m
Now we want to show % for m = 2,3 (mod 4). Suppose there is a
0 B 0 ‘o
0 « m
matrix C' = € SLy(Of) such that C~1 & C = vm . We have
z w 0 % 0 ‘«
(B 0, — B%w - Byw — 2Ir(Byw)ym
C C = =
0 3 e e — e

So the (2,1)-component should have an even integer as the coefficient of irrational part.

Proposition 7.8. Let A =
0 ‘«a

Proof. Suppose A°C = —C A for some C =

for N(a) = 1. Then A = —A unless m = —1.

€ SLy(Ok). We have

z w
a’r  a%y ar oy
‘a’z  Cafw az  Paw
From the (1,1)-component, *x = —x, so = z’y/m for some 2’ € Z.
From the (2,2)-component, *w = —w, so w = w'y/m for some w' € Z.
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From the (1,2)-component, we have (a %) = —a %y, so set *ay = y'v/m for some integer y’.
From the (2,1)-component, we have %(az) = —az, so set az = 2’y/m for some integer z’.
Now, Since a’a =1, we get 1 = det(C) = 2w — yz = 2w — *ayaz = (x'w’ — y'2")m, which

does not happen unless m = —1. O

a /m —a /m
Proposition 7.9. For m = 2,3 (mod 4), vm = vm if m# —1,+2.

0 ‘o 0 -«

a \/m —a m x
Proof. Suppose vm C=C vm for some C' = Y € SLy(Ok). We
0 ‘o 0 —‘a z w
have
a’r+ Szy/m o’y + Swym —ar  — oy +xy/m
S %z S Sw —az  —Saw + z2y/m

From the (2,1)-component, we have az = 2’\/m for some 2’ € Z.

From the (1,1)-component, ax + o *x = — *2y/m. Multiply *a and we get
r+ *r = 2Ra(z) = — (az)ym = 2'm.
From the (2,2)-component, ‘o *w + *cw = zy/m. Multiply a and we get
w4 w = 2Ra(w) = azy/m = 2'm.
From the (1,2)-component, o % + *ay = 2Re(*ay) = (x — w)/m. So we have
2Ra(‘ay) = mIr(z — *w) = m(Ir(z) — Ir(w)).

We have 2 = 2det(C) = 22w — 2yz = 22y — 2 *ayaz. By looking only at the rational part,

we have that
2Ra(x)Ra(w) + 2Ir(z)Ir(w)m — 2Ra(*ay) Ra(az) — 2Ir(*ay)lr(az)m = 2.
Reduce this mod m, we have
2Ra(z)Ra(w) — 2Ra( *ay)Ra(az) =2 (mod m).

Since 2Ra(z),2Ra( *ay) = 0 (mod m), this is a contradiction unless 2 = 0 (mod m), that
is, m | 2. O
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a 0
Now we can have candidates of representatives as for m = 1 (mod 4), and

So

a 0 a Jm
vm for m = 2,3 (mod 4), where N(a) = 1.

0 ‘o 0 ‘o
—a m o m
Note that Vm ~ — vm
0 —‘o 0 ‘o

Proposition 7.10. Let m < 0, squarefree.
(a) If m=1 (mod 4), then u,, = 2 with representatives {+1}.

vm

(b) Ifm=2,3 (mod 4), m # —1,—2, then u,, = 4 with representatives { £I,+

0 1
1 4 t 0
(¢) u—qg =3 with < I, ,
0 1 0 —1
v —2

(d) u_g =3 with  £1,
0 1

Proof. For m < —3, since only units are £1, (a) and (b) follows from Propositions 7.7, 7.8,

1 V=2 14 V=3V/=2 =2 1 =2

For m = -2, ~ = by the reduction
0 1 — — _ —

rule.

For m = —3, we have units +1, +w, +w? where w = 71%\/773 Note that w3 = 1 and

Sw = w?. By Proposition 7.6,

w 0 ww? 0
w? 0 w2w?
and
w? 0 w?w?t 0
0 w 0 ww?

Since —3 =1 (mod 4), {£1} are the only nonequivalent representatives.

Now let m = —1, *a = &. Here we have units £1, +¢. For any unit «,
o bi i b —a  bi
0 @ 0 a(—i)? 0 —a
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by Proposition 7.6. So we have four candidates:

1 2 1 0 T 1
I’ ) )
0 1 0 —i 0 —i
o _ 1 1+ (14435 4 i i
By Proposition 7.4 using x = 1 + 4, ~ =
01 o o e
1 3 1 . ) i
% or I by Proposition 7.7. Now we will prove I ~ . Suppose
0 1 0 —i 0 —i
. Ty
there is C' = € SLy(Ok) such that
z w
Y] T Yy 1 0 i —Yl
zZ W Z w 0 —2 zZi —wi
Wehaver =2t y=—yi zZ=2i w=—wi. Writex = x1+x21,y = y1+y2t, 2 = 21+ 221,
and w = wi + wyt. Then we get x1 = —x2, y1 = Y2, 21 = —29 and w; = wy. From the

determinant, 1 = Ra(xw — yz) = 1w — Towy — Y121 + Yozo = 2(z1wy + y121), which is a

contradiction. O

Proposition 7.11. Let m > 1. Denote by € the fundamental unit in the ring of integers of
Q(vm).

(a) The case m =1 (mod 4).

If N(e) = +1, then uy,, = 4 with the representatives ¢ +1,+
0 %

If N(e) = —1, then u,, = 2 with the representatives {£+I}.
(b) The case m = 2,3 (mod 4).

If N(e) = +1, then u,, = 8 with the representatives

1 m e 0 e vm

+I,+ ,+ ,+
0 1 0 % 0 %

. . V m
IfN(e) = =1 and m # 2, then u,, = 4 with the representatives  +1I,+
0 1

1 V2
0 1

If m = 2, then uo = 3 with the representatives < £1,
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Proof. First, note that the set of units is O = {£e’ | j € Z}. If N(¢) = —1, units with

o bym\ (1 bym

norm one are +¢2/. By Proposition 7.6, we have + o~ and
0 a?) 0 1
it bv/m a bym
+ vim ~ =+ vim where a = ¢ if N(¢) = 1 and a = 2 if N(g) = —1.
0 s(a2j+1) 0 Sy
e 0
Let m =1 (mod 4). If N(¢) = 1, we have candidates ¢ £I,+ I N(e) = -1,
0 %
2.0
we have candidates < +1,+ , but by Proposition 7.6, £1 ~ F )
0 )
Let m = 2,3 (mod 4). If N( s) we have candidates
vm e 0
0 1
e 0 e Jm
If N(¢) = —1, we have candidates ¢ +1,+ ,E ,E ,
0 £?) 0 &?)
1 b €2 m
but by Proposition 7.6, £ vm ~ F bvm
0 1 0 9(e?)
1 V2 1-vV2v2 V2 -1 V2
If m = 2, e = 14++/2 with norm —1. Here, ~ =
0 1 — — 0 -1
Now we need to show that if N(e) =1,
e 0 € m 1 m
+ I, + vm e vm (form=2,3 (mod 4)).
0 % 0 % 0 1
Let a = +¢e. Suppose that
.y Tz Yy a 0 ar ‘ay
52w z w 0 ‘o az  ow
Ty
for some € SLa(Ok). We get
z w
r=ax, Y= "‘ay, °z=az, “w= ‘aw. (22)

Denote o = aj+ags/m, & = x1+x2/Mm, y = y1+y2/m, z = z1+29¢/m, and w = w1 +wa/m.
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Note that a; # £1. The equations (22) yield four systems of linear equations

a1 —1 mas 1) 0 a1 —1 mas 2| 0

as ar +1 To 0 ao a; +1 29 0
(23)

a1 —1 —may v\ 0 a1 —1 —masg wy | 0

—as ar +1 Y2 0 —as a1+1 w2 0

Since the determinants of the coefficient matrices are zero, two equations in each system

are equivalent. We get

(a1 + 1)3@2 = —a9r1 (a1 + 1)22 = —a921 (24)
(a1 + 1)y2 = a1 (a1 + 1wy = agwy,
or, equivalently,
a1 — 1)x1 = —maszo a1 — 1)z = —magzs
(@ = 1) (@ -1) )
(a1 — 1)y1 = magyo (a1 — 1)w1 = magws.

We apply these equations to the determinant zw — yz = 1. From Ra(zw —yz) = 1, we get
(z1w1 + maawz) — (y121 + myz22) = 1. (26)
Multiply (a; + 1)? to the previous equation, we get by equations (24),
((a1 +1)* = ma3)(z1w1 — y121) = (a1 + 1)?,

or

2(:]:111)1 — ylzl) =a + 1. (27)

Putting this back to the equation (26), we get
2m(xowe — y222) =1 — ay. (28)

If we change variables x1,y1, 21, w; in the equation (27) into x2, Y2, 22, wy using (24) again,
we get,

—2(a1 + 1)(xows — ya22) = a%. (29)

If m =2,3 (mod 4), all terms are integers. a; is odd by (27) and az is even by (29). Since

(255 (222) - (2)
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Since (%51, 9H) =1 and m | “.7* by (28), we have

CL1—1
2

9 1

‘ = mb3
where b1, by are mutually prime positive integers such that b1by = ‘%2 . Then
b — mbs = +1,

which contradicts the minimality of fundamental unit or non-existance of norm —1 element.

e 0
Hence, + o I,
0 %
1 m o m
Now, consider m = 2,3 (mod 4) and suppose C~* vm iC = vm for some
0 1 0 ‘a
Ty
C= € SLy(Ok). We have
z w
o [P V) o= B o
0 1 xSz — “xz — z/m —
so (2Ir(z%2) — z)y/m = 0 and
z = 2Ir(z%). (31)

This means z € Z and so 2zIr(z) = z. If z # 0, we have Ir(x) = 1/2, which is impossible.

So z = 0. Then z is a unit since det C = zw = 1, and we denote z = £ °x. Note that
) T « m 1 m 9
N(z) =1 and %z = 1/x = £a~7. Since Y vim = vm Y ,
0 w 0 ‘a 0 1 0 Sw

we get *r = ax from the (1,1)-component. Then a7 = ot a contradiction. Hence
e v/m 1 /m

+ % .
0 % 0 1

O

Theorem 7.12. For |m| < 3, |H(G,SLa(Ok))| = tm.

a  bym
Proof. Let A = € Z1(G,SL2(Oy)) which is not in U(y/m), i.e. N(a) # 1.

cv/m S«
We may assume b > 0,b < |c| by taking one of A7, AT and (AT)~!. By the reduction

o bym
rule, A~ A" = where o’ = aj + ag+/m such that

dym %/

m|b b
‘a1’ S ’ 2‘ ) ’a2’ S § (32)
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Also we have
C,:N(a)—l :a%—l_aj
mb mb b’

(33)
If we get |¢'| < b, by applying three rules repeatedly, A is equivalent to an element of

Case 1: m < 0. Suppose A" ¢ U(y/m). We have N(o/) = 0 only when m = —1 with

1 T4
elements + , which is equivalent to by the reduction rule. So we may
i 0 0 —1

assume N(a/) > 2. Since N(a/) —mbc’ =1 and mb < 0, we have ¢/ < 0. Then by (32),

2 2
n_ g a1 a3
=== T T
af 1 a3
mlb Im|b b
2 2
ay ay
<7‘ |b+b
mlb b
m|b b
- 4 4
b
21(|m|+1)
<b

since |m| < 3.

Case 2: m > 0. First, suppose ¢’ > 0. Then by (32),

since m < 4.

Now suppose ¢ < 0. Then by (32),

| a%+1+a§<1+a§<1+b<1+b<b
C|l = ——— —_— _— —_— _— —_— _ —_ _
mb  mb b mb b = mb 4 2 4

since m > 2 and b > 1. O

7.4 Orders of H'(G,SLy(Ok))

We summarize the result of this chapter.
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8§ ifm=3

|HY(G,SLa(Ok))| = um ={ 3 ifm=2—1,-2

4 ifm=-3
2. |m| > 3;

2 ifm<0m=1 (mod4)
orm>0,m=1 (mod4)and N(e) =—1

4 ifm<0,m=2,3 (mod4)
orm>0,m=1 (mod4)and N(e) = +1
orm>0,m=2,3 (mod4)and N(¢) =—1

[H'(G,SL2(Ox))| =

8 ifm=23 (mod4)and N(¢) =+1
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