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ABSTRACT

In this thesis, we show that certain local Strichartz estimates for solutions of the
wave equation exterior to a convex obstacle can be extended to estimates that are
global in both space and time. This extends the work that was done previously by H.
Smith and C. Sogge in odd spatial dimensions. In order to prove the global estimates,
we explore weighted Strichartz estimates for solutions of the wave equation when the

Cauchy data and forcing term are compactly supported.
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1 Introduction

The purpose of this paper is to show that certain local Strichartz estimates for so-
lutions to the wave equation exterior to a nontrapping obstacle can be extended to
estimates that are global in both space and time. In [23], Smith and Sogge proved
this result for odd spatial dimensions n > 3. Here, we extend this result to all spatial
dimensions n > 2.

If Q is the exterior domain in R™ to a compact obstacle and n > 2 is an even

integer, we are looking at solutions to the following wave equation

¢

Ou(t, z) = O2u(t,z) — Au(t,z) = F(t,z), (t,7) € RxQ,

u(0,z) = f(x) € HZ_N% (1.1)
(0, ) = g(x) € H (),

\u(t,x) =0, x€dN.
Here © is the complement in R” to a compact set contained in {|z| < R} with C*
boundary. Moreover, {2 is nontrapping in the sense that there is a Tk such that no
geodesic of length Ty is completely contained in {|z| < R} N 2. The case Q = R" is
permitted.

We say that 1 < r;s < 2 < p,q < oo and v are admissible if the following two
estimates hold.
Local Strichartz estimates. For f,g, F(t,-) supported in {|z| < R}, solutions to
(1.1) satisfy

Jullzescoy + Sp (k)i + S0, Nt Vv
< C (Il + 9l + 1Fll s s oxey ) - (1.2)
Global Minkowski Strichartz estimates. In the case of 2 = R", solutions to
(1.1) satisfy
ez zageemy + sup [, )l guny + s 10t ) vy

<C ( ||f||m(Rn) + ||9||wa1(ﬂan) + ||F||L{L§(R1+")) : (1-3)



Additionally, for technical reasons we need to assume 2 > r. If n = 2, we must also
assume q > 2.

The global Minkowski Strichartz estimate (1.3) is a generalization of the work
of Strichartz [30, 31]. The local Strichartz estimates (1.2) for solutions to the ho-
mogeneous (F' = 0) wave equation in a domain exterior to a convex obstacle were
established by Smith and Sogge in [24]. In [23], Smith and Sogge demonstrated that
a lemma of Christ and Kiselev [6] (see also [23] for a proof) could be used to establish
local estimates for solutions to the nonhomogeneous problem.

While the arguments that follow are valid in any domain exterior to a nontrapping
obstacle, it is not currently known whether the local Strichartz estimates (1.2) hold
if the obstacle is not convex. Related eigenfunction estimates are, however, known to
fail if 02 has a point of convexity.

We note here that p, q,r, s,y are admissible in the above sense if the obstacle is

convex, n > 3,

1 (n—1 1 1y 1 (n-1 1 1
P 2 2 q) 2 2 g
where 1/, ¢’ represent the conjugate exponents to r, s respectively. In particular, notice

that we have admissibility in the conformal case

2(n +1 2(n+1
pvq:—< ); 7"75:—( ); Y=

1
n—1 n+3 2

Additionally, we note that it is well-known (see, e.g., [13]) that in the homogeneous

case (F' = 0) the Global Minkowski Strichartz estimate (1.3) holds if and only if

n22>2§p§0072§q<00,7=%—§—5,and

=) .

Thus, (1.4) provides a necessary condition for admissibility.

The main result of this paper states that for such a set of indices a similar global

estimate holds for solutions to the wave equation in the exterior domain.



Theorem 1.1. Ifp,q,r, s,y are admissible and u is a solution to the Cauchy problem

(1.1), then

[ullrra@aoy < C ( ||f||H73(Q) + ||9||Hz;1(9) + 1 F'l Ly s (Rx) ) -

The key differences between this case and the odd dimensional case are the lack
of strong Huygens’ principle and the fact that the local energy no longer decays
exponentially. Local energy decay and the homogeneous Sobolev spaces Hg(Q) will
be discussed in more detail in the next section.

At the final stage of preparation, we learned that N. Burq [4] has independently
obtained the results from this paper using a slightly different method.



2 Energy Estimates

2.1 Homogeneous Sobolev Spaces

We begin here with a few notes on the homogeneous Sobolev spaces Hg(Q) Fixing
a smooth cutoff function § € C° such that §(z) =1 for |z| < R, for |y| < n/2, we

are able to define

1 i 0y = 1B i @y + 11U = B)Fll v emy

where Q is a compact manifold with boundary containing Br = QN {|z| < R}. In
particular, notice that for functions (or distributions) supported in {|z| < R}, we

have ||f||Hg(Q) = ||f||Hg(Q)-

The homogeneous Sobolev norms, H 7(R™), are given by
[t @ny = [(V=2) Fll 2@y

For functions supported on a fixed compact set, the homogeneous Sobolev spaces
H?(R™) are comparable to the inhomogeneous Sobolev spaces H?(R™). In particular,

for r < s and for f compactly supported, we have

11l zr ey < CIIS]

Functions f € H},(Q) satisfy the Dirichlet condition f|,5 = 0 (when this makes

Hs(R™)*

sense). Additionally, when v > 2, we must require the extra compatibility condition
A flsq = 0 for 2j < 4. Since in this paper, we always have v —1 > —1 the additional
compatibility conditions are irrelevant for v < 0.

With the Dirichlet condition fixed, we may define the spaces Hg(fz) in terms of
eigenfunctions of A. Since Q) is compact, we have an orthonormal basis of L?(f2),
{u;} € HL(M) N C>(M) with Au; = —Aju; where 0 < \; / oo. Thus, for v > 0, it
is natural to define

Hz)(fl) = {v e LX) : Z |@(j)|2)\]7 < oo}
Jj=0

where 0(j) = (v,u;). The H}(Q) norm is given by

Il @) = S 10G)PA].
J



Defining H},(Q) for v < 0 in terms of duality, it is not difficult to see that the above
characterization for the norm also holds for negative . Additionally, we mention
that
[0l 0 = 10220
and for r < s,
ol @ < Clloll% @

See, e.g., [33] for further details.

Let 1Ly = IV 2@ for 7 > 0 (as in [24]), and define [[f]} () vie

duality. Suppose f is supported in {|z| < R}. Since
IV=8)"fll 2@y < IV=2)"fll2@) < [(V=A)"Fllr2@m),

it follows easily that for a distribution g supported in {|z| < R},

||9||H—w(g) < ||9||H5W(Q) = ||9||H,5”(Q)
and

”gHH—”/(R") < HQHHBW(Q) = HgHHBW(Q)
for v > 0.

In order to prove the analogous inequalities for H” spaces with v > 0, we will

need the following proposition.

Proposition 2.1. For Q.Q as above, v > 0, there exist extension operators €q pa,

Eqq such that if f € H}(SQ),
Copnf =Coof =FfinQ

||€Q,Rnf||m(Rn) < C||f||H73(fz)

1€a.0fllave) < Clf i@
Moreover, if f vanishes in a neighborhood of OS2, then Eqrnf() = Eqqf(x) =0 for
& Q.

For v integral, this result follows from Calderon [5] (Theorem 12). The result for

non-integral v then follows via complex interpolation.



2.2 Local Energy Decay

One of the key results that will allow us to establish the global estimates from the local
estimates and the global Minkowski estimates is local energy decay. It is this result
that requires the nontrapping assumption on the obstacle. In odd dimensions, we are
able to get exponential energy decay: see Taylor [32], Lax-Philips [14], Vainberg [34],
Morawetz-Ralston-Strauss [20], Strauss [29], and Morawetz [17, 19]. In even spatial
dimensions, the decay is significantly less. The version that we will use in this paper
is

Local energy decay. For n > 2 even, data f,g supported in {|x| < R}, 0 <y < 7,
and ((x) smooth, supported in {|xz| < R}, there exist C' < oo such that for solutions
to (1.1) where F' = 0 the following holds

18wt ) fry 0 + 180wt )l 21y < C |t‘7n/2< 1 Wl 7 0) + ||9HHZ)_1(Q)) - (21)

This is a generalized version of the results of Melrose [16] (n > 4) and Morawetz

[17] (n = 2). Before showing how we can derive this generalized version of local
energy decay, we would like to mention here the works of Ralston [21] and Strauss
[29].
Proof of Equation (2.1). By density, we may, without loss of generality, assume that
f,g are C*°. When n > 2 is even, Melrose [16] (n > 4) and Morawetz [17] (n = 2)
were able to show that a solution to the homogeneous (F = 0) Cauchy problem (1.1)
outside a nontrapping obstacle with data f, g supported in {|z| < R} must satisfy

/BR Vu(t,z)* de + /BR(&gu(t,ac))2 de < Ct™ (/ IVf|? dz + / lg)? d:p) (2.2)

where Br = {|]z| < R} N Q.
Let g be the solution of

Aj(z) =g(z) in{lz[ <R}NQ
g(r) =0 on {|z| = R} U 9N

and extend g to all of Q by setting it to 0 outside {|z| < R}. Let v be the solution



to the Cauchy problem
(

Ou(t,z) =0

v(0,2) = g(x)

O (0, x) = f(x)
Kv(t,:zc):[), x € 0N.

By (2.2), we have

900t M ez < CE (1ager + 112 (23)

We claim that u = dyv. Indeed, since [[J, 9;] = 0, we have

(

Oow(t,z) =0
Op(0, ) = f(z)
O (0pv(0, 7)) = 02v(0, ) = Av(0,2) = Ag(z) = g(x)

Ow(t,x) =0, x €.
\
Thus, by the uniqueness of solutions to the Cauchy problem, we have that u = Oy

and (2.3) yields

[t r2mr) = [10w(E, )l r2(Br)
<ot (13llq + 1 ey
=t (183510 + 1 ey

= 072 (llgllayrq0 + 1 2o

<t (Il + 9l

\_/

Since 0;(fu) = Bju + Pu;, the above calculation and (2.2) yield

1BCYult, My @ + 18Ot Moz < O (1 @ + Iollz@)  (24)
Letting v and g be as above, (2.4) gives

1BC)(E Mg 18O (M ) < CE (1llagen + 1712

< Ot (Nl + 1 2@



Since u = v, we have
180cu(t, ) =1y +IBC)ult, )l L2
= ||ﬁ(')at2v||ﬁgl(fz) + 1800w (t, )l 2@
= 1BC)Av(E, )l g1 + [18()00(E, )l L2y

Since, also,

1BCYAVE 1@y < NBC)oE @y + 1AL s @)
+ZH@ )00t ) g

< 180l ey + Bl gy
# 32 (IO Mg + 18500y )

< 1BC)0(t My @ + 1(ABE)(E )y @)
#3180y + 185000t M)

(2.5) yields

18C)ult, )l 2@y + 18C)0cult, )l =1 (q) < ct"/? <||f||L2(Q) + ||9||H51(Q)) . (2.6)

Since [,0;] = 0 and 0, preserves the support of the data and the boundary

condition, we have that w (¢, x) is a solution of

,

Ou(t,z) =0, (t,x) e RxQ,

w (0, %) = g(x),
Qui(0, ) = Af(x),

u(t,z) =0, x€df.

\

Thus, by (2.4) and the fact that Ou = 0, we have

1B Yee(t, Mgy HIBC Al ) 2y
= 118 et My + 18t Ml
<t (llglpen + 187 | 2(a))

=t (Ilgll gy + 1 lazcon ) -

(2.7)



Since

1BC)ut; Mz @) < NAB)ults 2@ + 16C) AU, )l 12
+ZH@ ()05ult, )l L2y

< IARC)u(t, @ + 15 AUy
# 32 (I0u iy + 100 )

(2.4),(2.7), and the monotonicity in v of the norms || - “HZ)(Q) yield

18C)ult, Mg @ + 18Il My @y < CE (1l @+ N9lligen ) -

Similarly, by looking at u, usyy, etc., we see that

)+ 18Ot Mgy < 2 (1 g @ + N9l @) (28)

1BC)ult, M gy @

for any nonnegative integer s > 1. Thus, by complex interpolation between (2.4),(2.6),

and (2.8), we have

1BC)ult, Mgy + 1860t Mgy < O™ (I ey + ol o @) (29)

for any v > 0. Finally, by the characterization of the homogeneous Sobolev spaces

given above, this is equivalent to (2.1) for any 0 <y < n/2. O



3 Weighted Minkowski Estimates

In this section we show that weighted versions of the Minkowski Strichartz estimates
for solutions to the homogeneous wave equation can be obtained when the initial data
are compactly supported. Specifically, we are looking at the homogeneous free wave
equation

Ow(t,r) = Pw(t,x) — Aw(t,z) =0, (t,7) € R xR",

w(0,2) = f(x) € H'(R"), (3.1)

dw(0,z) = g(z) € H(R").

where the Cauchy data f, g are supported in {x € R" : |z | < R}.

3.1 Weighted Energy Estimates

We begin by showing that one can obtain weighted versions of the energy inequality.
For the case n > 3, we need only slightly modify the arguments of Hérmander [9]
(Lemma 6.3.5, p. 101) and Lax-Philips [14] (Appendix 3).

Lemma 3.1. Suppose that n > 3. Let w(t,z) be a solution to the homogeneous
Minkowski wave equation (3.1) with smooth initial data f,qg supported in {|z| < R}.
Then, the following estimate holds

/(t — |x])? (‘wa(t,x)f + (8tw(t,ac))2) dx < Cp </|Vf‘2 + |g/? d:c)
Proof. 1t is not difficult to check that
div,p + 0yq = N(w)Dw
where

N(w) = 4t(x - Vw) + 2(r* + t*)w; + 2(n — 1)tw
p = —2twir — 4t(x - Vw)Vw + 2t}Vw|2x
—2(r* + ) w,Vw — 2(n — 1)twVw

q = 4t(x - Vw)w, + (r* + tQ)(‘Vw|2 +wy) +2(n — Dtww, — (n — 1w,

10



If we integrate over a cylinder [0,7] x {x € R™ : |z| < R} for R sufficiently large,

Huygens’ principle and the divergence theorem gives us that:

/ qu—/ qdz =0. (3.2)
=T t=0

Here, since the initial data are compactly supported, we have

/t:Oq dr = /t:O 7’2(’wa(0,x)‘2 + wy(0,2)*) — (n — Dw(0,z)* dx

< Cp </}Vf]2+|g|2dx>.

Now, let us introduce the standard invariant vector fields

(3.3)

j=1

for 5,k =1,2,...,n. Notice that
/ qdx = / (‘Zowlz + Z ‘ijw’2 +2(n — 1)tww, — (n — 1)w2> dr (3.4)
=T =T 0<j<k<n
Applying Lemma 6.3.5 of Hérmander [9] (p. 101), we see that (3.2)-(3.4) yield
200t ey + 3 Vwolt Mg < Ce ([ 1947 +1gP de) . (39)
i<k
Thus, we see that in order to complete the proof, it suffices to show that
2
[t (w4 |9ul) do < 2wl + 3 1Zpwlae
0<j<k<n

Since the Cauchy-Schwarz inequality gives us that |Vw’ > w, and since 4trw,w, >

—2tr(w? + w?), we have

2
||Z0w\|%2(Rn)+ Z HijwHiz(Rn) = /(t2 +1?) (wf + | V| ) + dtrwpw, dx

0<j<k<n

= /(t —7r)? <wt2 + ‘wa) + 2trw? + 2tr‘Vw|2 + dtrww,

> /(t —r)? (w? + ’wa)

as desired. O

We can use a different argument to extend the above result to the case n = 2.

11



Lemma 3.2. Suppose that n = 2. Let w(t,x) be a solution to the homogeneous
Minkowski wave equation (3.1) with smooth initial data f, g supported in {|x| < R}.
Then, the following estimate holds

It = l#1) 0w (t @)z < Cr (111 ey + N9l o)
for any 6 < 1.

Proof. For t — |z| < 2R, the inequality follows trivially from standard conservation
of energy. We will, thus, focus on S; = {z € R? : t — |z| > 2R}.
We know that w is given by

o[t dy t il

Since

v(t,x) = t flx+ty) dy

21 Jiyi<a V1=1yl?

is a solution to the initial value problem Cv = 0; v(0,2) = 0, d,w(0,z) = f(x), we

have

Ow(t,x) = A, < t flz+ ty)L>

27 Jyi<1 V1I=lyl?
t dy
+ 0, —/ g(x +ty) ———
(27T lyl<1 VI=lyl?
t dy 1 dy
—or [ @parm e [ gl
21 Jiyj<a VI=lyP? 27 Jy<« V1—lyP
t dy
+ 5= (Vo)(z +ty) - y——ss,
27 Jy<1 V1=lyP
and thus,
It~ lel) Bt D)szgs < | (6 lal)'= [ (@ne+ )L
T 21 Jyi<a V=P s,
1 dy
sle—tel)ss [ oot
27 Jyl<a V1= s,
t
le=lad's [ o)Ll (39
™ i<t V=Y 2,

12



We will examine the three quantities on the right separately.
For the first, a change of variables and integration by parts (using the fact that f

is compactly supported) gives:

0 dy
(¢ )’ /| @nem

1 dy
=C|(t— 9—/ A — ) ——
L
dy
—clt=la)' [ (ANt -n s
lyl<t V= yl?
dy
SC’t—xe Vf x—yL.
£~ Il |y\<t| I )(t2 — [y[?)*?
Since we have that |y| < |z| + R on the support of f,
1 < 1
t—ly)? = (t—lz| = R)*
Thus, on S},
=l [ (An)+ )~
lyl<1 V1=lyP
ly| dy
< C’/ Vil(x—y )
e T G

Applying Young’s inequality to the convolution on the right yields

t dy
(t— le)f L / (Af) (@ + ty)——
27 Jyi<a V=19 L,
< OV fll y
B (= [yD>2=0 + 1y || gy <e—ry)
Yy

< OV 2w

(t = lyD)3/2=0(t + [y])3/2 L2({|y|<t—R}) .

The last inequality is a result of Holder’s inequality (since f is compactly supported).
We, thus, need to show that the second norm on the right is bounded independent of

13



t. To do so, we write this integral in polar coordinates and evaluate. Since 6 < 1,

ly|? t—R  p2r P
dy = / / df dp
/y|<t—R (= ly)>=20( + [yl)? o Jo (E=pP(t+p)?
t—R o
<C d
| T
t2 t—R p
< 0752_9/0 (12 — p2)3-2 dp
< Ct2720[(2tR o R2)72+29 _ (t2>72+29]
t2

S Ct29(2Rt _ R2)2729 < C

as desired. The last inequality follows from the fact that we are assuming ¢ > t —|x| >

2R.

For the second piece on the right side of (3.6), a change of variables and consid-
erations of the support of g, as above, yield
dy (t — |=])° dy
t—fel)’ [ glatty <c [ ate=v
lyl<1 V1=lyP? t lyl<t Vi =y
1

<C dy

<C+i75 9(z — y)|—F—=.
o 4/|<t—R V2 = |y|?

Applying Young’s inequality and Holder’s inequality to the norm of the compactly

supported function ¢ yields

e =te1 [ ot v

TW L2(S))
< %HQHLI(RQ) —
/ t2 — |y|? L2({ly|<t—R})
< ¢ 19/l 22 r2) i |
-0 2 — |y|? L2({|y|<t—R})

We, thus, need to prove that the second norm is bounded by Ct'=%. Expanding the

square of this norm and Writing in polar coordinates gives

t—R
5 df dp
/y|<t Rt —|y|2 / / 2 —p?

P
<C d
- /0 22

=C (Int* —In(2Rt — R?)) < C*™

14



for any 0 < 1, as desired.
For the last piece on the right side of (3.6), we again do a change of variables and

integrate by parts

1ol [ Fa)a i)y

V1-=lyl
(t = Ja])’ . 1 yl?
e [F?—Iyli+ <t2—|y|2>3/2] W

1 dy
SC——/‘ 9z = Y)| =5
0 Jy<i-r 2 — |y|?

=C

1
<C—— lg(x —y)|
t1-¢ lyl<t—R 2 —

e -Jal)’ [

lyl<t—R

|y

By the previous step, the first piece is bounded by C||g||z2(r2). Replacing V f by

g in the argument used for the first step of this proof, the second integral is bounded

by Cllgllr2(2).
Using the bounds that we have just demonstrated for each piece on the right side

of (3.6), we have that

It = 20w (t, )@ < C (Il + 9l

as desired. [

3.2 Weighted Dispersive Inequality

Next, we look at the weighted analog of the dispersive inequality when the initial data

have compact supports. Here we refer to well-known stationary phase estimates.

Lemma 3.3. Suppose n > 2. Let w be a solution to the homogeneous Minkowsk:

wave equation (3.1) with initial data f,g supported in {|z| < R}. Then, we have

Cr
1([t] = [2])Ow(t, ©) | Leo ({1t - 2| >2R)) < o072 (1f 1 c2ny + gl z2n)) -

15



Proof. By scaling, we may assume that R = 1. For simplicity, we will demonstrate
the result for ¢t > 0.

Begin by writing w = w; + wy, where w; is a solution of the homogeneous
Minkowski wave equation (3.1) with Cauchy data (w,w;)|=0 = (f,0) and ws is a
solution of the Minkowski wave equation (3.1) with Cauchy data (w,w;)|—o = (0, g).
It will, thus, suffice to show that the estimate holds for w; and w, separately. Since
the arguments are the same for each piece, we will restrict our attention to showing
that the estimate holds for ws, the more technical piece.

Since dyws is a linear combination of etV ~2¢. it will be enough to prove that:

C
it
(6= 1D,y < sl

when ¢ is supported in {|z| < 1}.
We begin by fixing a smooth, radial cutoff function x such that x(§) = 1 for
{|€] <1} and x(&) = 0 for {|¢| > 2}. Then, set

B(&) = x(§) — x(29).

Thus, § is a compactly supported, smooth, radial function supported away from 0.
In fact, it is not hard to show that supp § C {1/2 < [£] < 2}, and that we have a

partition of unity
00 5 B
0+3 (%)=
j=1
for all £ # 0.
We decompose eitmg as follows:

1t — 2™ 2 gl 1o (1o >2))

< (= |2 D™ 2 (V=B)gll o (1o fof>2n

s (VA
+ZH ~ Jaf)e Wﬂ( = )gumtm)- (3.7)

We, then, want to examine the pieces on the right side of the decomposition.

16



Since g is supported in {|z| < 1}, we see that

6~ 1ee 35 (Y2 o

\t—|x||/|/ o ”'55(5) dé]lg(y)| dy
< \t _ |x” |Syl‘l§p1 (‘/ez‘(z—y){eitlﬂﬁ (25_]> ng 91| 21 )
< \t _ |m” E}‘lgpl (‘/ez’(x—y)feitlﬂﬁ (25_]> ng 19/l 22 n)-

|t — |z])e™ " Ax(V=A)g]

Similarly, we have

< Jt = ol s (‘ / =3 gitlely ) dsD g2,
y|<1

Kitaiy) = [ e “'%(5) d

Set

27
for j =1,2,3,... and set

Kolt,zy) = / ety (€) de.

For 7 > 0, using polar coordinates, we see that we can rewrite this as

Kitaig) = [ [ e nenig (£ 0t dolo) dp
0o Jgn

= 23'”/ / 1 eip[Zj((xfy)-wH)]a(p) do(w) dp
0 Jgn-

where a is the smooth function that is compactly supported away from 0 given by

B(p)p"t. For j = 0, we similarly have

Kolt,@:y) = //[ Vao(p) do(w) dp

where ag is given by p" 'x(p). While ao(0) = 0, it is not identically zero in a
neighborhood of the origin.
There are four different cases that we must examine separately. For the first two

cases, we assume that t > 2|z — y|. Then, for j =1,2,3, ..., set

Ij _ 2jn/ ez’p[2j(x—y)-w+2jt]a(p) dp.
0

17



Integrating by parts N times yields (using the fact that a is compactly supported

away from 0):

2jn 2jn 2(n—1)/2 1
|]j|§C ; N <C iN|+|(n—1)/2 N—(n-1)/2
2Nt — |2 — | 2N =02 g — | Y

for any N =0,1,2,.... Thus, if we choose N > n, we see that:

1 1
7 [ ey

K, (t,asy)| < 027 (3.8)

where m > 0.
For 7 =0, set
0
Here, since ag is not supported away from zero, we need to be a bit more careful
with the boundary terms. Since J‘;—NNao = %(p"ilx(p)) =0for N <n—1, we can

integrate by parts n times (on the n'" time we get a boundary term). Using the fact

that ag is compactly supported, this yields:

X(O) /oo eip[(:r:—y)-w—i-t] (n)
I| < + ay ' (p) dp
Sl Iy s I A o Py s TR
<c— 1
it — |z —yl|
1 1
(n—1)/2 (n+1)/2°
t |t — |z —yl]
Thus, we have
1 1

Kot 2:9)] < O (39)

n2 o —y||

For the last two cases, we have that t < 2|z —y|. Here, for j = 1,2,3, ..., we write

Ky(t.aig) =2 [ do(2ip(o — ) a(p) dp
0

and for j =0,
Kot z:) = / 3o (ple — y))cas(p) dp.
0

By Theorem 1.2.1 of Sogge [25], we have that

do(n) = e May (1) + eMay(n)

18



where ay, as satisfy the bounds:
m
D au(m)| < Cult ) rele
on -k
for ¢ = 1,2. Thus, we have, for j =1,2,3...:

| K(t, yy)] = 27"

/ P2 le=wDlg, (27 p(x — y))alp) dp’
0

+ 2"

/ eip[Qj(t+\x*y|)]a2(2jp($ —y))a(p) dﬂ‘
0

and similarly,

/ eip[(t—lz—ymal(p(x —y))ao(p) dp‘

0

+

/ eip[(t—i—lx—y\)]aQ(p(x —y))ao(p) dp‘ .
0

Since supp a(p) C {1/2 < p < 2}, integrating by parts N times and the estimates

for ay, as yield

|Kj(t7x;y)‘ =
| 1 1 1 1
<OV ——— +
2N (29) (D2 [ — y| (v 1)/ [|t ey |t yHN]
. 1 1
< Oy .
DR i — o — |

w and use the fact that we are focusing on t — |z| > 2 and

If we choose N >
ly| <1, we see that:

1
@7 [~y

Kt y)| < 027 (3.10)

where m > 0.
Again, for j = 0, we need to be careful with the boundary terms when integrating
by parts. Since a(()M)(O) =0 for M <n—1 and ag is compactly supported, integrating

by parts N times (for N < n) yields

|Ko(t, z;y)| = m/:oeip[(tlwyl)} (%) (ar(p(z — y))ao(p)) dp
o e (2N (ol — o
=) (2 (aslpla = )t .

19



Each of these integrals are composed of pieces of the form:

[T () tantote -l () 6 v

/O " ginlttlo—y) H(n—1)-s (a%) k [am(p(x —y))] (a%) o (x(p)) dp

ik = Ch

= Ci

form=1,2.
N—k—j
When j # N — k, ((%) (x(p)) is supported away from zero and the above
argument gives the desired bound

2 k
ip(tE|z—yl) |':U — y| n—1—j d
/1 ’ (1+ pla — y) 072" g

in; < C

S C'JI i y’—(n—l)/2

When 7 = N — k, we have, by a change of variables,

/Ooo €ip(ti|x’y|)p”’1*N+kX(p) ((%) k ool — o) do

2 ik
S C/ ’.Z’ y’ m— pnfl*N+k dp
o (L+plz—y)="*

2|z —y] pn—l—N—I-k
< Clz — y|N_n/ ——
o (L+p=z**

Nk = C

dp

< Cla—y| 12

for N < "T“ Since we are assuming that n > 2, we, in particular, get the bound for
N =1.

Plugging these estimates for i ; into the equation for Ky when N = 1 and using
the fact that we are in the case t < 2|z — y|, we see that

1 1
@R [ o]

[ Ko(t,23y)| < C (3.11)

on {t —[z[ =2} N {Jy| < 1}.
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Using the estimates (3.8),(3.10) for K; (j=0,1,2,...), we now see that:

|u—mwﬂﬂﬁ@5§)ﬂ

9
1 It — |||
—75 S | 7 | ll9llr2@e
t(n—1)/2 y|§1(‘t_|.flf—y|‘ (R™)

1 ‘t— |x||
Hn—1)/2 |t o - 1} 91l 2 mny

< C27Im

< C27Im

where m > 0. Hence, we have:

it/ — V_A —jm 1
(¢ — |$|)€tm5 ( Y 9||L°°({t—\x|>2}) <27 tn—1)/2 ||9||L2(R")-

Similarly, using (3.9), (3.11), we have

it/ 1
[(t = |z[)e th(V —A)gl Lo ({t—jz>2p) < C—t(n,l)/g 191> @n)-

Plugging these into (3.7), we see that we get the desired bound for wy since 279™ is

summable in 7 for m > 0. [

3.3 Weighted Strichartz Estimates

From the previous three lemmas, we are able to derive a weighted Strichartz estimate

for solutions to the Minkowski wave equation with compactly supported initial data.

Theorem 3.4. Suppose n > 2 and p,q,v are admissible. Let w be a solution to
the homogeneous Minkowski wave equation (3.1) with Cauchy data f, g supported in
{lz| < R}. Then, for any 0 < 1, we have the following estimate:

(] = |2D w0, 2) | pgieny < CrU N ny + 190 fr-1zm)-

Proof. By the Global Minkowski Strichartz estimate (1.3) and Huygens’ principle, it
will suffice to show the estimate in the case |t| — |x| > 2R. We will, also, stick to the
case t > 0. Let Sy = {z : t — |z| > 2R}.

By Lemma 3.1 (n > 3), Lemma 3.2 (n = 2), and Lemma 3.3, we have:

It =l (t, 2)llzzesy < C (Il oy + glzzcen)

C
It = ) Dro(t, )z 50 < Tz (11l any + lgllzam)
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In the second inequality, we have used the fact that f is compactly supported and

the monotonicity in y of H? for such f. By Riesz-Thorin interpolation, we have

-2

1 q)
I = 1ol Bt liscsy <€ (o) (e + lolizen)

Since by (1.4)

-1 2 -1 2
p- 1-2)=2(Z (1——) > 1,
2 q 2 2 q
we see that taking the LY norm of both sides yields
It = lal)*Ouo(t D)l zprausamysy < C (If e + lglzan) . (312)
If we now argue as we did in obtaining (2.6) from (2.5), we see that (3.12) yields
(¢~ e wlt Dl poxgsompesy < C (Ilzan +lolan) . (313)

The result, then, follows from the monotonicity of the Sobolev norms since the data

f, g are compactly supported and vy > 0.
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4 Mixed Estimates in Minkowski Space

In this section, we prove a couple of results that follow from the fact that
sup I67 | 156 =] 87 = ) n | < Coa (4.)

if 3 is a smooth function supported in {|z| <1} and 0 <~ < %
Proof of Equation (4.1). Expanding in polar coordinates, we see that

6 [ 1Bt~ mietr = b dn = 16 [ 13€ -l do(e). @42)
On the set |¢| > 27, since (3 is Schwarz class, we have

A C C
e =TIl S e —ra = Wy

Thus,

2 ) i . |§|2’y n—1
sup [k {/\5(5 )| o(r — Inl) dn SC‘ZIZII;—(HKDHJ

Since ullﬁ‘w is a decreasing function in |£], we have that the right side is bounded
by
Tn—l

27 <C 2y
1+2rmt =77

as desired.
For the case |¢| < 27, using the fact that 3 is Schwarz class, we have

7.n—l

3 _ n—1
/S 6(§ = Tw)|7"" do(w )<C’/Sn 1 1+y£—m|)n+1 do(w)

T+1
<cf / T pw|>n+1d(“’)d"’

dz < o0.

| /\

/]R{" (1+ |Z|)"+1
Together with (4.2), this yields
sup (61| [ Ve = nlo(r = lal o] < 7
which proves (4.1). O
The first of the results that we shall prove follows with very little change from [23].
The second result requires a different argument from [23] in order to avoid needing

sharp Huygens’ principle.
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Lemma 4.1. Let 3 be a smooth function supported in {|z| < 1}. Suppose 0 < v <
Then

|3

/ ||ﬁ( Zt\/if HHW(R’H dt < C”’Yﬂ Hf“H'y R")

Proof. By Plancherel’s theorem in ¢t and z, we can write

18O Ol eyt =€ [ [ 1

By the Schwarz inequality (in 1), this can be bounded by

o [ [1e ([ 13- mtoe b an) ([ 150 =l = wicn an) dear

Now, applying (4.1), we see that

[ 18O SO ey

<o [T [ ( / \3(£—n)l5(7—|n|)|f(n)|2dn) d dr

<c / / 1B = )12 F(n)? dp d.

/ B(& —n)o(r — [n))f(m) dn | dé dr.

However, by Young’s inequality, this is bounded by

¢ [ P17 dn = CILF
[

Lemma 4.2. Let w be a solution to the Cauchy problem for the Minkowski wave

equation

Ow(t, ) = Pw(t,xr) — Aw(t,z) = F(t,z), (t,z) e RxR",
w(0,z) = f(x),
Oyw(0,2) = g(z) .
Suppose that the global Minkowski Strichartz estimate (1.3) holds, that v < %, and

that r < 2. Then, for  a smooth function supported in {|z| <1}, we have

o o 2 2
sup [ 1180020, ) [y s @t < € (UflLisgary + 19l + 1Pz

jal <1
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Proof. If F' = 0, the result follows from Lemma 4.1. Thus, it will suffice to show that

186 0y < C NP 000

when the initial data f, g are assumed to vanish.

We begin by establishing that

TF(tz) :AW(-)/.TF(S,) ds

is bounded from L} LS (RIT™) to L2L2(RY"). In other words, we want to show that

sin(t — s)A 2
/||@ / S D2 (s, ) a2y g dt < CIFIE ey (4.3)

when F' is assumed to vanish for ¢ < 0.
By Strichartz estimate (1.3), we have

2

\77|27 |n]>

PE |F(|nl,m)|? dn T /6‘is'"'F(s,n) ds| dn
il tez'a—s)m\F( Vd 2 ;
gsup/n [ ]

t 0 il (4.4)
< sup ([t )y oy + 10008 -1 )
el

where F denotes the space-time Fourier transform of F.
By Plancherel’s theorem in ¢, z, we have
i(t—s)A
e 2
/Hﬁ()/ A F<S7') dsl|H7(R") dt =
) . 1 - 2
| [ [ e = miste = Pl oy o] o
0

By the Schwarz inequality in 7, this can be bounded by

[ e ([ 1ot = wistr = 1oy an)

x ( [ 13— matr - Iﬂ\)#\ﬁ(\nm)lzdn) dé dr.
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Applying (4.1), (4.4), and Young’s inequality, we see that
z(t s)A )
/”ﬁ / <S’ ) dSHHW(]Rn) dt
. .
= / /TQW/W@ —n)[o(r - \U|)W|F(|Tl|ﬂ7)\2 dn d¢ dr
n
//W §—n) |‘ ’|2 |E(Inl,n)[* dn d¢

<o [ 2d
< |n|2| (Inl,m[* dn

< CIIFN12; 1y mieny-

By a similar argument, we can show that the same bound holds for

Jllse)

which establishes (4.3). By duality, this is equivalent to having

dt

(s,) dSHHV(R")

T*F : L2L2(R'™™) — L} L¥ (R'™")

bounded, where

e [ sin(s —1)A ,
TF = /Tﬁ()A F(s,-) ds.

We wanted to show, instead, that
WF : LILS(RY™) — L2L2(RY™)
is bounded, where
WF(t,z)=Np(-) /Ot ‘TF(S, -) ds.
By duality, this is equivalent to showing that

WH*F : L2L2(R'™™) — L} LY (R'*")

where
“sin(s —t)A
WeR(o) - e = OR )AF (s, ) ds.
t
This, however, follows from (4.3) after an application of the following lemma of Christ
and Kiselev [6] (see also [23]). O
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Lemma 4.3. Let X andY be Banach spaces and assume that K(t,s) is a continuous
function taking its values in B(X,Y'), the space of bounded linear mappings from X
to Y. Suppose that —oo <a <b< oo and 1 <p<qg<oo. Set

Tf(t) = /bK(t, s)f(s)ds
and
Wf(t) = /tK(t, s)f(s) ds.
Suppose that
1T fllzogapyy < CllFllzr(as,x-
Then,
W fllogasryy < Cllf e x)-
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5 Strichartz Estimates in the Exterior Domain

By scaling, we may take R = % in the sequel. We begin by proving a weighted version

of Theorem 1.1 when the data and forcing terms are compactly supported.

Lemma 5.1. Suppose u is a solution to the Cauchy problem (1.1) with the forcing
term F replaced by F + G, where F,G are supported in {|t| < 1} x {|z| < 1} and
the initial data f,g are supported in {|z| < 1}. Then, for admissible p,q,r,s,~, there

exist a positive, finite constant C' and a 0 > 1/2, so that the following estimate holds:

H(W — |o| + 2)9“(75756)“L§L3(Rx9)

<C <||fHHg(Q) + gl 1@ + 1FlLr s rxey + / IGE )i 0 dt) :

Proof: We will establish the result for ¢ > 0. We begin this proof in the same manner
as in Smith-Sogge [23]. Start by observing that by (1.2) and Duhamel’s principle, the
result holds for ¢ € [0, 1] and by (1.2)

(L Mg + 10e(L, )
< & (I + Vol VFlirscoenr + [ 160 gy 1) - 6.1

By considering ¢ > 1, Duhamel’s principle and support considerations allow us to
take F' = G' = 0 with f, g supported in {|z| < 2}.

We now fix a smooth 8 with §(z) = 1 for |z < 3, and f(z) = 0 for |z| > 1. We,
then, write u as u = fu + (1 — §)u and will examine these pieces separately.

We begin by looking at Su. Notice that
Z bj(2)0y,u + c(x)u = G(t,z)

where bj, ¢ are supported in 3 < |z| < 1. Since [t — |z| < |¢], it will suffice to show

(¢ + 2)05(I)u(t7x)”Lng([l,oo)xQ) <C (||f||Hg,(Q) + ||9||H7;1(Q)> :

By the local Strichartz estimate (1.2), Duhamel’s principle, and local energy decay
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(2.1), we have
1t +2)°B(x)ult, )7y 1o 11 00y <)

< 3G+ NB@ ) sy

j=1

< €32+ 3P B0 Mo + 130G N
B J+1 »
[ i d9)
J

= (7 +3) P
Ejﬁﬂmwomm@+mmy@)

j:
p
= C (IfMligie + 1915

n

so long as § — 0 > %. For n > 4, since p > 2, we have the above inequality provided

n—1

0 < "5=. When n = 2, by (1.4), we must have p > 4. Thus, the above inequality

holds for any 6 < %.
For the v(t,z) = (1 — B)(z)u(t, z) piece, we have that v satisfies the Minkowski

wave equation

Cu(t,z) = —G(t, z)
v(0,2) = (1= 06)(z)f(x)
9w(0,2) = (1 — B)(x)g(x).

Write v = vy + v; where vy solves the homogeneous wave equation with the same
Cauchy data as v and v; solves the inhomogeneous wave equation with vanishing

Cauchy data. Then, by Theorem 3.4, we have
1t — |z| +2)°(1 — B)(z)u(t, )|l r s rxn)
< 0 (110 = )@ iy + 10~ DY) i)
10t = |2+ 2) 01 (8, @)l p p2 o).

When n > 4, we can handle the last piece easily using local energy decay. By

Duhamel’s principle, write

t
1t =[] + 2)%01 (&, ) | 22 13 mxey = H(t — |z + 2)9/ vi(s;t — s,7) ds
0

LPLI(RxQ)
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where vy(s; -, ) solves
Ouvy(s;t,z) =0
v1(s;0,2) =0
dyv1(s;0,2) = —G(s,z).
Applying Minkowski’s integral inequality, we have
(¢ — || + 2)9U1(tax)||L§’Lg(RxQ) < C/sgll(t —s—|z|+ 2)%1(3; t— va)HLng(]RxQ) ds.

Thus, by Theorem 3.4, the right side is bounded by

R CEnI s
Finally, by Calderon’s extension [5] discussed in Section 2 and local energy decay

(2.1), we have that this is bounded by

0/50_3 (HfHHv(Q) + HQHHg*(Q)) ds <C (HfHHv(Q) + HQHHg*l(Q))
for 6 < 1.
For n = 2, the situation is a bit more delicate. In the remainder of this proof,
we will assume that ¢ < p. A simple modification of the proof will yield the case

q > p > 4. We begin by setting

Gj(t, ) = =X+ ()G, )
where x4 is the characteristic function of the set A. Let v, ; be the forward solution
to
Ouvy j(t, z) = G,(t, )

with vanishing Cauchy data. By Holder’s inequality, we then have

(t=lz] +2)%01(t, 2) =) (t =z +2) v 4(t, x)
j=3
<C Y (=il 4yt +C D oyt )
§<3(t=|z[+2) 3> 3 (t=|z[+2)

4/5
<C (Z ((t =7 — =]+ 2)9+‘1‘111,j(t737)|5/4>
i

1/q
+C (Z 57t = || — j 4 2)"Fvr(t, l’)l")
J
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provided ¢ = £(q) is sufficiently small. Thus, by Minkowski’s integral inequality
(¢ = |=] + 2)°01 (¢, 2) || g e

4/5
. 1 5/4
=¢ (Z It =5 = lal+ 2>9+4Ul»j<t’x)HL/fL%(RxQ))

J
1/q
+C (Z JON(E =7 = |z +2)Fo(t, ﬂf)lqung(RXQ)> (5.2)
J
By Duhamel’s principle, write

v ;(t, ) = /t v (st —s,x) ds
0
where vy ;(s; -, -) solves
Ovy j(s;t,z) =0
v1,(5;0,2) =0
Ov1;(s;0,2) = Gi(s, x)
For the first term on the right side of (5.2), if we apply Theorem 3.4, we have

. 1 5/4
SO = G-l + 2 o () e
J

5/4

LPLL(RxQ)

J+1
:CZ“<t_j_|x|+2)6+‘l‘/ Ul,j(s;t—s,x)ds‘
J J

j+1
J

5/4
1
<C), (/ 1(t = s — || +2)" 50 5(s;¢ = 5,2) || LrLg exe) dS)
j

j+1 5/4
<O ([ 166 o )
j J

< [ 16N oy

By Calderon’s extension [5] (see Proposition 2.1) and local energy decay (2.1), this is
bounded by

—5/4 5/4 5/4
O [ (Il + I9lligr@)  ds < C (I liiey + i)

as desired.
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For the second term on the right side of (5.2), we proceed similarly. Applying

Theorem 3.4, we observe

St — G—lal + 250156 )
= 29
Z] LPLL(RxQ)
q
15> (f7 0= ol 2t g )
41 q
<O (166 Mo )

<c / NGy

Again, by Calderon’s extension [5] (see Proposition 2.1) and local energy decay (2.1),
this is bounded by

j+1
(t—j— |x|+2)1_8/ viglsit = s,2) ds|
J

_ q q
¢ [so (ufnm gl ) ds < C (1 Ly + N9l )

provided § < 1 — =. Since g > 2 for n = 2, we see that we may choose 6 > 1/2 as
desired. O
We are now ready to prove the main theorem.
Proof of Theorem 1.1. By the previous lemma, it will suffice to show the result when
f and ¢ vanish for {|z| < 1}.
We begin by decomposing u into

U(t, .1') = UO(ta l’) o U<t7 l’)
where 1 solves the Minkowski wave equation

Oug(t, z) = F(t,x)
UO(O,$> = f(x)
Oyuo(0,z) = g(x).

Here F is assumed to be 0 on R™\(2.
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We now fix a smooth compactly supported 3 such that 5(z) = 1 for |z| < 1/2
and ((z) = 0 for x > 1. Then, further decompose u into

u(t,z) = uo(t,z) —v(t,z) = (1 — B)(x)ue(t, z) + (B(x)uo(t, x) — v(t, x)).

By the Global Minkowski Strichartz estimate (1.3), (1 — )(x)uo(t, z) satisfies the
desired estimate. Thus, we may focus on ((z)ug(t,x) — v(t, ).

We have that 5(z)ug(t, z) — v(t, z) satisfies
O(A@)uolt, ) — v(t, 7)) = B@)F(t,z) + G(t, )
with zero Cauchy data (since we are assuming that f, g vanish for |z| < 1). Here

Zb )0z, uo(t, ) 4 c(z)uo(t, ).

where b;, ¢ vanish for |x| > 1. By Lemma 4.2,

© 2
/ G2, )||Hv 1(Q) (Hf”m @ T HQHH])*(Q) + HFHL,?Li(Rxﬂ)> (5.3)

Let

F‘j(tv :L') = X[j,j+1] (t>F(t’ :L‘)
Gj(t,x) = xp4+1()G (),

and write (for t > 0)
Puy — v = Zuj(t,x)
=0
where u;(t, z) is the forward solution to
Duj(t7 T) = ﬁ(‘r)FJ(t’ "L‘) + Gj(t’ l‘)

with zero Cauchy data.
Thus, by Lemma 5.1, we have

1t = = Il + 2)"u;(t, 2) | 1y 22 ne)

j+1
<C (HF}'(@%)HL:L;(RxQ) +/ 1GCE )y dt) - (5.4)
J
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Since u; is supported in the region t — j — |z] +2 > 1, an application of the
Cauchy-Schwartz inequality yields

|B(z)uo(t, z) — tw|<2|ujtx

00 1/2 00 1/2
< (Z(t —J—lz[+ 2)‘2"> (Z[(t —J—lz[+ 2)%'(@1‘)]2)

:OOO o 1/2
<C (Z[(t —J—lz[+ 2)9%(75756)]2)

since we can choose 6 > 1/2.

Since 1 <1, s <2 < p,q, Minkowski’s integral inequality, (5.3), and (5.4) yield

18(z)uo(t, z) —v(t, x)Hing(RXQ)

<O Nt =5 = l2] +2)°u;l 7 s ey
j=0

00 00 J+1 2
<O IR s+ €Y ([ 16010 1)
=0 j=0 \J
0 ) 0 J+1
<O I e + O3 ([ 160 oy )
=0 j=0 ™

< CIF psgmney + € [ 1GEy
0

2
< € (Il + Nolliy 2o + 1 Fllsgzscaen)

as desired. n
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