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Topics in Schur-Weyl duality

T hese lectures concern the Schur-Weyl duality
between irreps of the symmetric groups S, and
of U(N) via partitions/Young diagrams.

e Young diagrams and irreps of U(N) and
GL(N,C). Tensor reps V®* Conjugate reps
V*®k and products (®F V) @ (REV*).

e Young diagrams and irreps of SU(N) and
SL(N,C).

e Schur polynomials.

e Double commutant theorem and Schur-Weyl
duality for V®F;

e Dimension and character relations of cor-
responding S, — GL(N,C) irreps.



References

e H. Weyl, Group Theory and Quantum Me-
chanics. Most of the physics papers use
the notation of this book.

e H. Weyl, The Classical Groups.

e R. Goodman and N. R. Wallach, Repre-
sentations and Invariants of the C(Classical
Groups. Has a modern presentation of Schur-
Weyl duality for tensor reps of GL(N,C),
but does not discuss Schur polynomials,
full rep theory of GL(N,C), or dimension
or character relations.

e I. G. Macdonald, Symmetric Functions and
Hall Polynomials. Discussion of Schur poly-
nomials.



e W. Fulton and J. Harris, Representation
T heory:. discusses all topics with examples.

o D.P. Zhelobenko, Compact Lie groups and
their representations



Basic idea

The representation theory of the symmetric
group Sy and of the general linear group GL(N, C)
come together in the study of the representa-
tion of S;. x GL(N,C) on (CN)®E je. the kth
tensor power of the fundamental representa-
tion of GL(N,C). The key results are:

e [ he Schur duality pairing between irreps of
S and irreps of GL(N,C);

e T he Frobenius character formula for S char-
acters;

e Construction of Young symmetrizers = pro-
jection operators onto GL(N,C)-invariant
subspaces.



Basics of tensor reps

All unitary irreducible reps of SU(N) or SL(N,C)
are obtained from reducing tensor powers V®k
of the fundamental rep.

For U(N) or GL(N,C) we also need the de-
terminant. See §15. 5 of Fulton-Harris. Ev-
ery irrep of GL(N,C) is a tensor product of a
power of det with a tensor rep. We will discuss
this further below. In the physics it is put as
follows: all irreps occur of GL(N,C) or U(N)
occur in (RFV) @ (REV*) for some (k, £).



Irreps of GL(N,C)

Let Hy C GL(N,C) denote the subgroup of
diagonal matrices, and let N denote the sub-
group of upper-triangular unipotent matrices.
The characters of Hy are parametrized by A =
[A1,...,An] € 7N

h—>h>‘=azi\1---x?VN.

Weights of a rep p of GL(N,C) = characters
of Hpy which occur in p|g,.

Dominant weights A € N =X € Z%, X\ >
Ao > -+ > An. T'hose which occur in tensor

reps have Ay > 0.



(CN)@)k

(CN)®k is spanned by linear combinations of
decomposable elements v1 ® - - - v, where v; €
CH.

We define the mutually commuting represen-
tations:

e p;, of GL(N,C) by

PRI ® - Qupg =g 1189 -12Q Qg V.

e 0, Of S by:

Tk ($)V18" BV = Vgo1(1)BVs-1(2) " BVs-1(p)-

Thus, oi(s) moves the vector in the ith
position to the position s(i), but doesn’t
change their values.



Schur-Weyl duality (d’aprés Goodman-
Wallach)

Theorem 1 Under the action of S, x GL(N, C),
we have the decomposition,

k
RCMH~ P  Fyea
AePar(k,N)
where:

e Par(k,N) is the set of partitions of k with
< N parts;

o FY is the irrep of GL(N,C) with highest
weight X;

e G* is the irrep of S;. corresponding to A.



Remarks

As we will see below, the group algebras of S,
and GL(N,C) are each other’'s commutants in
End((CN)®EY, By an abstract result, the dou-
ble commutant theorem, one has

k

RCH) = PViow;,

where V; are mutually inequivalent reps of GL(N, C)
and where W, are m.i.r. of S5p. What the
Schur-Weyl duality theorem does is:

e Determine which reps of GL(N,C), resp.
S occur;

e [ he explicit pairing.



Some notation

Let eq,...,exn denote the standard basis of CV.
The standard basis for (CN)®F is then:

6]:6&'1@67;2@"'@6,%,
where I = (i1,...,1) C {1,...,N}.
Note: the indices need not be distinct, e.q.

one could have I = (1,...,1). We can view I
as a map

T:{1,....k}—{1,....NY}.
We denote the set of such maps by {1,..., N}*.

S;. acts on {1,...,N}* by

I ={i1,...,i} = s-1 = {is(l)""’is(k)}’

i.e. it permuates the domain of I.
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Tensors and linear transformations

A tensor a €¢ V®* may be written in terms of
the basis ey as

a — Z arey.

Ic{1,...,.N}Fk
Weyl identifies a with a function

a:{l,...,N}k—>(C, a(l) = ayj.

So the action of S on tensors is induced from
its action on {1,..., N}*:

s-a(l) =ua(s-1I).
Let T € End(CN)®K) be a linear transforma-

tion. The matrix of T relative to this basis is
ar.j where ar.j = <T€],€J>, I.e.

Te] = ZCLLJBJ.
J
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Irreps in ®%(CY)

Write Par(k) for partitions of kK € N and Par(k, N)
for partitions with N parts.

Proposition 2 The weights of Hpx which occur
in @(CN) are all A e NN with \{+-- -+ y =k,
i.e. A\ € Par(k,N). The corresponding weight
space is:

k
(Q(CY)(N) = Span {e; : up = A}.

Here, uy = A means: \; = the multiplicity of 3
in I.

T herefore the possible irreps of GL(N, C) which
occur are those Fy with highest weight X\ €
Par(k,N).

12



Proof

Write V = C&. Then the weight space of V®F
of weight A € N¥ is:

A A
V) ={ve VO p()v =71 3N v},

Given I : {1,...,k} —{1,...,N} let

/,L]:#{p’Lp:]}:#I_l(]), //LI:(/'Lla"w/'LN)'

Then: pi(t)e;y = thle;. So the weights = {u;}
and weight vectors = e;. Since || = k, VEE()) =
{0} unless |\| = k and in that case,

VOE(\) = Span{er : uy = \}.
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Conjugacy classes of S;.

A conjugacy class C' in S, is determined by the
cycle decomposition of elements in the class.
Write

C = C(l’ilgiz . kik)
for the class of elements with 21 cycles of length
1, 20 cycles of length 2 and so on. E.g. for

k=4, (1)(2)(3)(4) € C(1%) and (1)(2)(34) €
C(1221). The cycle lengths satisfy

liq 4 2ip + - + ki, = k.

Clearly, the cycle lengths, enumerated with mul-
tiplicity, are in 1 —1 correspondence with parti-
tions of k, namely a partition of k corresponds
to a cycle structure ---qiqm if it has i parts
of size q.

14



Identifying the multiplicity spaces

We claim:

k
RCY)~ B  FyeGy,
AePar(k,N)

where

k
N = (QCTMMN (),
i.e. the space of tensors of weight X\ fixed by
the upper triangular unipotent subgroup.

This follows from the theorem of the highest
weight: namely, the multiplicity space for Fy
~ the space of highest weight vectors in this
isotypic summand. Highest weight = annihi-
lated by n <= fixed by e®. Here, n = strictly
upper triangular matrices.

15



Identifying the multiplicity spaces

Next, we claim

Proposition 3 Let A € Par(k,p). Then for N >
P,

k k
(Q@CYMO) = (QRCHP(N) i= o

Proof: The embedding CP ¢ CV for p < N
gives an embedding (®FCP) c (®FCN). From
the description of the weight space,

k
(Q(CY)(N) = Span {e : pur = A},

we see that for i > p, then pp(E;;41)u = 0O
for any u € (®*CY)()\). Here, E;; are the
usual basis matrices. But n)y is generated as a
Lie algebra by Eq5, Ep3,...,ENn_1 N, SO the Lie
groups Np and Ny have the same fixed points
in (®"CM)NN(A).
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Double commutant theorem

For any vector space V and subset S C End(V),
let

Comm(S) = {x € End(V) : xs = as, Vs € S}.

Let V = (CV)®% and let A = p.(C[GL(N,C)]),B =
0. (C[SL]) be the representations of the group
algebras in End(V).

Theorem 4 We have:

e Comm(B) = A,

e Comm(A) = B.

17



Sketch of proof [GW, Section 3.3]

By a general double commutant theorem, if
A C End(V) is a semi-simple algebra, then B =
Comm(A) is s.s. and Comm(B) = A.

In our case, B = 01, (C[S.]) is s.s. (as the group
algebra of a finite group, so it suffices to show
that Comm(B) = A. It is clear that Comm(B) C
A, i.e. oi(s) commutes with pi(g) for all s,g.

Now, or(s)er = es.;, Where

S - {’L]_, c .. ,’Lk} = {iS_l(l),...,S_l(k)}'

Thus, o.(s) changes the positions (1 to k) of
the indices, not their values (1 to N).

18



Sketch of proof [GW, Section 3.3]

The trace form (X,Y) = TrXY on End((CN)*)
iSs non-degenerate. So A = Comm(B) comes
down to:

(T, A) =0, T € Comm(B) = T = 0.

We first describe Comm(BB)

{ T(or(s)ey) =31 ars.j er

or(s)(Tey) =31 aryesq =21 ay 1.5€J-
Then T € Comm(B) iff

as-],s-.] — ayj, V[, J, S.

19



Sketch of proof [GW, Section 3.3]

Also describe pi(g) in coordinates: If ge; =
>k gjker then the matrix of pp(g) equals

91,J = Girj1 " iggy:
So if [ays] is the matrix of T,

(T,A) =0 <= > _ar.j9j; i, = 0,
1,J

for all g € GL(N,C).

The right side is a polynomial function on GL(N,C)
and extends as one to Mat(N,C).

20



Conclusion of proof [GW, Section
3.3]

We then use the action of Si, s-(I,J) = (s-
I,s-J) on pairs of indices to group terms. The
main observations are:

® T3y = T+, I.€. the monomials are constant
on orbits;

e As noted above, the matrix elements are
constant on orbits: as.j 5 =ayy;.

Hence, grouping into orbits, the equation boils
down to

D MyayTy =0
yel

where n~ is the cardinality of the orbit. But z
are linearly independent, so ar j = O for all I, J.
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Young symmetrizers

So far, to each partition of k£ with at most N
parts (= Young diagram with k£ boxes and < N
rows), we have associated:

e Anirrep Fy of GL(N,C) with highest weight
A,

e An irrep o*, G* of S;.

We now construct projection operators py4 on
V®k with range equal to irreducible subspaces
of type FJ{‘, corresponding to Young tableaux
A.

22



Young tableaux

A Young tableau of shape X\ is an assigment
of the integers 1,...,k to the k boxes of A,
each box receiving a different integer. Write
A;; for the number in the jth box of the ith
row. Denote by A()\) the tableau formed by
numbering the boxes consecutively down the
columns from left to right.

Denote by T'ab(\) the set of all Young tableaux

of shape A. S;. acts simply transitively by per-
muting the numbers in the boxes.

23



Young tableaux (cont.)

Given a tableau R with |R| = k, we associate
the decomposable tensor

6R26i1®6i2®”'®6ik7
where i; = r if j occurs in the rth row of R.
Thus, the numbers in the first row of A give
the tensor positions in ey corresponding to eq,

the numbers in the second row given the posi-
tions of ey, etc. E.g. if A =[3,2,1,1], then

€A()\):€1®€2®63®64®61®62®61.

Clearly, {e4} gives a basis of V®* as A runs
over Tab(\). Moreover S, acts on tableau and
one has eg4) = op(s)ea.

24



row symmetrizers
column anti-symmetrizers

A tableau with r rows partitions {1,...,k} into
r disjoint subsets Ry,..., Ry, namely the num-
bers in each row.

Define: s € Si. preserves the rows of A if it pre-
serves each subset R;. Similarly, the ¢ columns
of A form a partition of {1,...,} and one de-
fines: s preserves the columns. Then put:

Row(A) = {s € S}, : s preserves the rows of A;

Col(A){s € S;, : s preserves the columns of A.}

25



row symmetrizers
column anti-symmetrizers

Then we have:
orp(s)egq = ey <= s € Row(A)
and
eq=ep < B=s-A

with s € Row(A).

Define the row symmetrizer:

r(A) = Z r

reé Row(A)
and the column anti-symmetrizer

c(A) = Z sign(c)c.

ceCol(A)

26



Basic properties

We have:

o r(A)x =ar(A) =r(A) ifx € Row(A).
c(A)x = xc(A) = sgn(xz)c(A) if z €
Col(A).

o r(s-A) = sr(A)s™ 1 and c(s- A) =
sc(A)s— 1.

e If A € Tab(\) has < N rows, then
r(A), c(A) preserve (CN)®E(N).

27



Young symmetrizer

For A € Tab(\) define the Young sym-
metrizer corresponding to the Young

tableau by

s(A) = c(A)r(A).

Theorem 5 Let A € Par(k,N) and let
A € Tab(\). Then the operator

pa =My (@) ()

projects onto an irrep of GL(N,C) of
highest weight ).

28



Example

Let £ = 3 and consider the partition
3=2+41. As an element of the group
algebra C[S;], the Young symmetrizer

IS

s(A) =1+ e(12) — €(13) — €(132);

where we have a vector es for each s &
Si.. Indeed,

r2,1) = 1+ea)y ce1)=1-eas),

8(13)>.

29



More on Young symmetrizers

Note that
_ A1 (Mg
Im(r(A)) = Sym™"1lV Q- - Sym'\"kV,
while
H1 H2
In(c(A)) = AV®---9AV

where p = \*.

30



Sketch of proof

There are three main steps.

First: prove that p4 is a projection op-

erator: p4 = p% = pa.

Second: Use Schur duality to show:

pA(@"CN) = pa(@rcpar(e.n) Fir ® G

= F{ ®pa(Gy).

Finally, show: pjs(G)) = C c(A)ey. A
subspace p4(®*CHN) is called a Weyl

module.
31



Weyl modules: examples

o If A\ = (N,0,---) is one row, and
A = A(M\) numbers the boxes in the
row consecutively, then s(A) = Y4eg, s
and the Weyl module is SymF(CN).

o If A\ = (1,1,---,1) is one column,
and B = B(A) numbers the boxes
consecutively downward, then s(B) =

Yses, sign(s)s and the Weyl module
is A\F(CN).

32



Weyl modules: examples For a less

canonical example, let Kk = 3 and take
the tableau to be A = [2,1] and C =
A(M). Then

Po = (1 - (12)(1 + (13))

= 1(1- (12) + (13) - (321)).

The Weyl module consists of tensors
U = Ujjke; © e & ek,
with

1
Uik = E(ukji — Ujik — Ukij)-

33



Isotype projector version 1

Define:

(dimGA)Q S s(4).

Py =(
k! AcTab())

Theorem 6 Let A\ € Par(k,N). Then
for any subspace F C ®*CHN invariant
under p.(GL(N,C)), P, F is the isotypic
subspace of F of type Fyy for GL(N,C).
If G is any subspace invariant under
0.(Sr), then P\G is the isotypic sub-
space of type G* for Sj.
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Isotype projector version 2

Background on reducing representations:
Let (p,V) be a rep of a finite group G.
For A € G, let my(\) be the multiplicity
of Ain p. Let P, be the orthogonal pro-

jection onto the A-isotypic component
of p. Then:

Proposition 7 ( GW, Corollary 3.4.10).
We have:

> xa(g) p(g)-

Py =
|G‘ gelG

35



More on Irreps of GL(N,C)

We can describe the Weyl modules FJ{} more
explicitly, as in Fulton-Harris, §15.5. The Weyl
module p 4(®* CN) depends up to isomorphism
only on the shape of A, so one writes it S,V
where V = CH.

For a= (aq,...,ay) € NV, define

2 N
AV = SymV@Sym®2(\ V)®- - -@Sym*N(\ V).

Define &4 to be the subrep generated by the
(highest weight) vector:

vV = (el)a’l '(61/\62)a2""(elA”’AGN)aN.

P, IS an irrep;
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More on Irreps of GL(N,C)

Note that ajp affects only the power of the
determinant. Let D, = det® be the 1D irrep
of GL(N,C) and let D_; be its dual. Then

Play,..an+k) = Plag,...ay) @ Dr-

Proposition 8 ®3 = W, = S,V if A = (a1 +
”‘_I_aNaa’Q_I_”'_I—a’Na“‘aa’N)'

Note that Wy (x k k.. k) = VA®Dg. SO one may

define W, for any dominant weight A1 > Ao >
-+« 2> Ay, nhot necessarily ones with Ay > 0.

Proposition 9 Every irrep of GL(N,C) orU(N)
is &, for some dominant weight .
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Irreps of S,

The Young symmetrizer s(A) is a projection in
the group algebra C[Si] of S. The irreps it
defines depends only on its shape A, and we
then write the Young projector as c). Then
the irrep of S, corresponding to A is the space

V\ = C[Sg]ex.

For instance if A has just one row, then c) =
> ses, s and it is easy to see that V), = Cc,, i.e.

it is the trivial rep of S.. See Theorem 4.3 of
Fulton-Harris.
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X) VEersus o¢g

Partitions have come up in two ways in the rep
theory of S.: they enumerate irreps, and their
enumerate conjugacy classes.

There is a kind of duality under the Fourier
transform: For each conjugacy class C of 5y,
let ¢ denote its characteristic function. For
each irrep X\, denote its character by x,. The
sets:

{QbC}CGConj(Sk)’ {XA}AGS\]{

have the same cardinality but are hard to relate
(see GW, p. 154: this is a kind of uncertainty
principle). The key formula is:
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Characters in Weyl’'s notation

Let |aV~1 ... a,1| denote the matrix where
the N rows are obtained by replacing a succes-
sively by aqy,...,ay. Let D(aq,...,ay) denote

its determinant

Ni<j(a; — aj).
Put
A =D(e1,...,€enN).

For integers h1 > ho > --- > hy define

f(hla IR hN) — Z sign(s)e(h198(1)+- : +hN03(N))

SESN

T hus,
A=E&EIN—-1,N—-2,...,1,0).

Weyl writes in GTQM (p. 379)
40



Characters in Weyl’'s notation

Suppose that the highest term in a character
x has exponents f1 > fo > ---> fn. Then

h1=f1i+(N—-1), hy_1=fn_1+1, hy = fN.

One then has

— g(hlahQ"'ahN) — |€h17€h27"' 7€hN|
A eN—=1 e 1]

41



Symmetric functions (d’apreés Mac-
donald)

There is a close relation between:

e Thegraded ring A = @i>0 Ak of symmetric
functions in infinitely many variables;

e The graded ring R = @, >0 R" of charac-
ters of symmetric groups. Here, R"™ is the
Z-module generated by irreducible charac-
ters of Sp;
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Basic symmetric functions

e Power sums: pr(z) = Y ; af;

e For a partition A = (A1, \p,...), define

PA = PAPAy " -

e Monomial symmetric functions

my = Z 5,
S

e Complete symmetric functions

hfr — Z m .

A A|=r
Also put

h)\ — h)\1h>\2'” .
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Precise def. of A:

Let Ap = Z[z1,...,zn]°" denote the symmetric
polynomials in n variables. It is a graded ring,
An = @r>0AE, where A are those of degree
k.

For m > n, define pmn : Am — An by sending
z,4; — 0. Then define A* to be the inverse
limit of A¥ as n — co: An element is a sequence
(frn) of homogeneous symmetric polynomials

with fm(wl, e ooy Lny O, o« ooy O) — fn(wl, “ . ,CEn).
Fact: A is the free Z-module generated by the

monomial symmetric functions m, as A varies
over all partitions.
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Characteristic map

T he characteristic map is the isometric isomor-
phism:

ChZR—>/\@

defined as follows: for f € R™ put

ch(f) =3 2, fopp,
|p|=n
where f, is the value of f on the conjugacy
class Cp, and z, = > k"™kmy!, mp(N\) = #{parts =
k}. [Conjugacy classes C, of Sp are indexed by
partitions p of n: if the order of the cycles

are p1 > po > -+ then p(s) = (p1,p2, ) is a
partition of n, the cycle type. |
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Characteristic map

‘The normalizing constants z, make ch an isom-
etry w.r.t. natural inner products:

(ch()sch(DIN = Xipj=n2p " fop

(f,9)s,

Here,

> f@)g(z=h),

<f7g>5n |Sn|

and
(Pk>PjIN = 01k

If the p,. are used as coordinates, then this inner
product is the Gaussian measure

o 3 |pl? /ey PPEAPE
2mik
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Schur polynomials

Let 2@ = z]1-- 23 be a monomial, and let

Aa(z) = > sign(s)s -z

seSN

where s- 2% = z° _1(1) g ON 1(N) Clearly, Aq(s-

x) = sign(s)Aa(z).

Clearly, Ao, = 0 unless «; are distinct, and we
assume a1 > ap > ---apny > 0. We may write

a=A+98, where X\ € Par(N),
and § =(N—-1,N—2,...,1,0).
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Schur polynomials (cont.)

We then observe that

Aj+N—j

A4 = det[x,’ li<ij<N-

The determinant is divisible by each factor (x;—
a;j),z' < 7, hence by their product, the Vander-
monde determinant:

N
As(z) = Nicj(z; — xj) = det[z; ]1<; <N

Definition: The Schur (symmetric) polynomial
IS the ratio
Axts

S\ — .

As
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Characters of S,
Let n, denote the identity character of S;.. For
any partition X of S;,, put

77>\:77>\1'77>\2"’a

where

Sm n
f-g9= INdSmJ;Sn(f X g).

Thus, ny is the character induced by the iden-
tity character of S5y = 5y, X Sy, X -+ .
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Power sums vs. Schur (Macdonald
notation)

Let X>‘ be the irreducible character of S,, asso-
Ciated to the partition \.

Proposition 10 Let A € Par(n). Then

— —1_A

p|=n

Proof: Show ch(x?) = sy. Use two determi-
nant identities:

X = detny. _itlij<n

sy = detlhy, _j4jlij<n-

ch is a ring homomorphism, so the proof is
concluded from the fact that ch(ny) = h).
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Power sums vS. Schur

The formula implies:

— A
($x:Pp) = Xp-

Thus, the transition matrix from power sums
to Schur polynomials as bases of symmetric
functions is the character table of S,,. This
shows:

Pp — Z X;\SA-
A
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Character relations (Moore notations)

Define the class functions

To(U) = Ny (TrU%), k= (k1,... km).

They are related to characters of irreducible
reps by:

XR(Y)(U) — ZO‘ESn %XT(Y)(O->TE(O.>(U)

Tioy(U) =2y 50 X (1) (CR)X Ry (V).

Here we identify conjugacy classes C(E) of Sp
with partitions k of n, while k(o) encodes the
conjugacy class of an element o, i.e. its cycle
structure.
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Proof of character relations

We combine two facts about the Young sym-
metrizer Py:

([ PyVOF = R(Y) @ 7(Y),

Py = dR( ) > oeS, Xr(y)(o)o.

\

The second line restates the isotypic projector
formula above (slide 32) .

We then evaluate xgr(U) = Try,ex(UPR) in two
ways using each side. We claim:

— N
TTV@/C [UO-] - Zzl) ip=1 Uilia(l)Ui2i0(2> T Uikia(k)
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Proof concluded

Indeed,

TryerlUc] = Yicpr, nylUoerer)
= Xreq,. nEUeqs(r) er)

Sumle{l,...,N}kUI,a(I)v
where we recall

Uro(ny = Ui Ui Vi

1i5(1) 7 1205(2)

54



Frobenius’' character formula

Let i = (i1,...,ig) With > aiq, = d denote a
cycle structure in S4: i1 cycles of length 1, 5
cycles of length 2, etc. Then

XA (C) = [A@IN;p; () (1,0,
where [f(x)]|(€17_._7€k) denotes the coefficient of

: ¢ ‘. .
the monomial = ---z,* in f(z). Also

bi=MFk—1, bo=do4+k—2,--- 0, = \p.

Ex: d =5, A = (3,2),C; = (12)(345). Then
X(3,2)(Ci — (CUl—CCQ)(CIZ%—I-CI}%)(:I}%—F:BE)I(ALQ) = 1.
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Ccasimir value

Given a Young tableau R with n boxes, the
quadratic Casimir of the representation is given
by

n(n— Dxp(Tn) n?
xr(1) N’
where xr(Ty) and xp(1) = dp are characters of
the symmetric group S, in the representation
associated with the Young tableau R. Here,
T, — conjugacy class of elements in the sym-
metric group which have one cycle of length 2
and n — 2 cycles of length 1. That is T, =

> i<j(2j) € C[Sh].

(1)  C2(R) =nN+
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casimir value

From long Moore:

oy
Co(R(Y)) = Nn 425020 47y

(2)

T
— Nn + 2XT<£>(§§’”) — 7}5 , SU(N)

Or, in terms of the ¢ (shifted highest weight):

N -1
2

N o 3 2
Co(R(Y)) = E(N -1+ > ¢ - )<

j=1
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Dimension relations

Let »(Y) be S, irrep. Then:

N*dimr(Y)

dim R(Y) = ( ! )mXT(Y)(Qm

dimr(Y)

The dimension of the irrep of S; corresponding
to the partition A= (A1 > X > --- > X > 0 of

d with k parts equals
d!
dim V)\ = A(f),
2L ERRFIA
where as usual £; = A\; + k — J.

The dimension of the GL(N,C) irrep S,V cor-
responding to A = (A1 > --- > Ay > 0) is (cf
[FH], Thm 6.3)

A0 e R k.
A(la 17 71) 1<y ] —1 .

58



Appendix: Induced representations

Let H C G be a closed subgroup and let o :
H — U(V) be a unitary representation. The in-
duced representation Ind%V operators on the
space

W = {V—valued L? functions on G : f(gh) = o(h)~1f

T he representation is

®(g)f(z) = f(g~ ).
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A Yang-Mills question

The non-abelian Migdal formula shows that
critical points of the YM functional are in 1-1
correspondence with irreps of the group U(N)
of the bundles. On the other hand, the topo-
logical types of bundles are parametrized by
their top Chern class ¢y (check). The top
Chern class apparently corresponds to the num-
ber of boxes in Young diagrams associated to
critical points of this topological type.
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